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ABSTRACT: We consider the 3d dual of 14+ 1 dimensional large-N. QCD with quarks in the
fundamental representation, also known as the ’t Hooft model. 't Hooft solved this model
by deriving a Schrodinger equation for the wavefunction of a parton inside the meson.
In the scale-invariant limit, we show how this equation is related by a transform to the
equation of motion for a scalar field in AdS3. We thus find an explicit map between the
‘parton-z’ variable and the radial coordinate of AdS3. This direct map allows us to check
the AdS/CFT prescription from the 2d side. We describe various features of the dual in
the conformal limit and to the leading order in conformal symmetry breaking, and make
some comments on the 3d theory in the fully non-conformal regime.
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1. Introduction

Our limited understanding of gauge theory dynamics in the non-perturbative regime ham-
pers both our description of QCD phenomena, as well as our ability to construct viable
scenarios with strong dynamics for physics beyond the Standard Model. Lattice theory
has been helpful in addressing some of the issues, however it does face certain challenges.
Some of these difficulties include treatment of time evolution in a system with temperature
or chemical potential, simulation of supersymmetric theories, and dealing with chiral sym-
metry in an efficient manner. Thus, it is desirable to find novel theoretical tools to tackle
non-perturbative physics. The AdS/CFT framework [fl] offers a different approach for per-
forming calculations in field theory in the non-perturbative regime. The local operators of
the original field theory are mapped to fields propagating in a curved higher-dimensional
background. A general field theory contains a multitude of local operators, and therefore
its higher-dimensional dual is expected to contain infinitely many fields. The interactions
of these higher-dimensional fields, which can be of large spin, are expected to be quite
complicated, and in general are difficult to determine. Considerable simplification occurs
when the field theory admits a limit for which most of the operators acquire large anoma-
lous dimensions. The anomalous dimensions are mapped via AdS/CFT to masses of the
dual higher-dimensional fields, and thus such a limit effectively decouples most fields. The
remaining fields are usually those dual to operators whose dimensions are protected by var-
ious symmetries. These are typically duals of currents (and possibly their superpartners),
and their interactions are heavily constrained by symmetry. Thus, most known duals are of
theories where there is a significant hierarchy between the dimensions of operators. Unfor-
tunately, this is not the case for QCD, which is partly why it has thus far been difficult to
construct its dual, though duals to other field theories with ‘QCD-like’ dynamics have been
found. In a few cases it has been possible to find soluble higher-dimensional string duals
to certain field theories (or sub-sectors thereof) [[]. Such descriptions capture effectively
the physics of many higher-dimensional fields (the resonances of the string), going beyond
the limited set constrained by symmetry. One may hope that a theory like QCD admits
such a string description, however thus far, none has been found.

Hence, instead of attempting to find a dual to the full QCD theory, it might be fruitful
to consider only a limited set of operators, and find a description for their holographic
dual fields. Such an approach faces certain obvious challenges. The first is that one would
expect that any operator has non-trivial correlation functions with many other operators
(as allowed by symmetry and Lorentz invariance), and thus its dual field will necessarily
interact with many other fields. As mentioned, these interactions are difficult to determine
and usually are not even renormalizable. However, in the limit of large number of colors,
N,, all interactions are suppressed, and one is left with a quadratic action of free fields
propagating on some background. One may worry that such an action includes higher-
derivative terms. After all, there is no parameter in QCD, such as the 't Hooft coupling,
that would suppress them. However, leading 1/N, calculations correspond to ‘on-shell’
calculations in the higher-dimensional theory, and thus only care about the dispersion rela-
tion governing the propagation of the dual field in the curved background. If we know the
background exactly and include all (typically an infinite number of) fields, then in princi-



ple we can find a basis of fields where dispersion relations become quadratic in derivatives,
hence the action is local in this sense. Thus, if we limit ourselves to asking questions
that concern only the quadratic part of the action (i.e. focus on masses, decay constants,
and two-point functions), this approach may be useful. Finally, there is the question of
the curved background itself. In the UV QCD is asymptotically free, and therefore the
background should approach AdS. Thus, a natural place to start is the conformal limit
of QCD, for which we know much more about the quadratic action. Indeed, 4d Poincaré
invariance tells us that the dispersion relation is quadratic in 4d momenta, so derivatives
with respect to 4d coordinates enter quadratically in the action. The AdS isometry then
guarantees that derivative along the 5th coordinate also enters quadratically. This plus the
usual consideration of internal symmetries, etc. completely fixes the form of the quadratic
action (at least for propagating fields). In addition, we need only consider the duals of
primary operators as their descendents are automatically included by the AdS isometry.
As primary operators do not mix, this is a basis of for bulk fields for which the quadratic
action becomes diagonal.

The simplicity will be lost once we take into account the effects of conformal symme-
try breaking, such as the running QCD coupling, confinement, chiral symmetry breaking,
etc. Such effects can be parameterized in terms of various backgrounds in the higher-
dimensional space. Denoting the 5th coordinate by z, these background in general depend
on z. Then, it is no longer true that the quadratic 4d dispersion implies that d, appears
quadratically in the action. For example, suppose we are interested in the quadratic ac-
tion for a scalar field ¢ and there is a background of another scalar field ® parameterizing
some conformal symmetry breaking effects. In the full action, there might be a term
like 9M1N19M2N29M3N39M4N4 (8M1¢)(6M2¢)(8M3¢)(8M4¢)(6N1 8N2¢)(6N36N4¢)' Once a 2-
dependent ® background is turned on, this yields a quadratic term for ¢ with four 9,’s.
Therefore, away from the exact AdS, we do not know how many z derivatives are in the
action. Also, a term like ®2¢? will give us a z-dependent mass term for ¢. In addition,
conformal symmetry breaking will generally induce mixing between fields corresponding to
operators with different scaling dimensions. But as mentioned above, these higher deriva-
tive terms are merely a consequence of integrating out heavier fields which mix with .
Once we ‘integrate in’ all fields and include all the mixings among them, there should be
a basis for the fields for which the quadratic action is local.

The above complexity means that it may be difficult to derive the dual of QCD but
we might at least learn something about the full theory. Restricting to a regime where
QCD is almost conformal (i.e. looking at the correlators at large Euclidean momenta), we
can match the (small) conformal breaking effects order-by-order in Agcp. This tells us
how the backgrounds affect the quadratic Lagrangian at small z (the UV of theory). This
knowledge may be sufficient for certain questions. If for example, a particular bulk mode
profile is localized sufficiently far from the large z region, then the details of conformal
symmetry breaking might not be very important in determining its properties.

The above philosophy is the motivation for the ‘AdS/QCD’ phenomenological approach
which has been applied to fields of various spin [J-[]. A good agreement of masses and
decay constants with data is found. This is an indication that for low-lying KK-modes,
both the large N, approximation works remarkably well, and the profile of KK-modes is



surprisingly well described by assuming the background is close to AdS with a hard cutoff.
Still, it is clear that such a description is naive as it does not capture the spectrum of
the highly excited modes, which lie on Regge trajectories. A simple model which captures
the Regge spectrum was presented in [{], but its origin remains unclear. In particular,
as mentioned, once conformal symmetry is broken, all fields dual to operators of similar
quantum numbers are expected to mix in a complicated way. It is therefore a mystery why
this mixing is effectively captured by the simple diagonal action of [ff].

In this paper we will attempt to test the AdS/QCD approach in a simpler setting
where there is some analytic control over the non-perturbative dynamics. In particular,
we will focus on two-dimensional QCD in the large N, limit. The spectrum of this model
was solved by 't Hooft [[i], who derived a Schrédinger equation for the meson wavefunction
(as a function of the parton-z variable). While one could “build” a 3d AdS/QCD model
with a few fields propagating in some effective background chosen to reproduce the meson
spectrum, that is not the goal of this paper. As mentioned above, our view is that such 3d
model is an approximation of the (quadratic) action involving an infinite number of fields
mixed with each other, corresponding to the infinite number of operators mixed with each
other on the 2d side. Our goal is to understand such mixings and how they are mapped
between 2d and 3d, taking advantage of the exact two-point functions calculated in [f].

Toward this goal, we will first begin with the conformal limit of the theory where there
are no mixings, and explicitly construct quadratic 3d actions for spin-0, -1, and -2 fields
which reproduce the expected two-dimensional correlation functions. This will reveal some
qualitative features of the 3d actions which should be shared by fields with spin > 3. We
will then analyze the leading conformal symmetry breaking effects, i.e. the leading mixing
effects, in particular, the chiral condensate. We will then return to the conformal limit
and construct a “transform” which can directly map the scale invariant limit of the ’t
Hooft equation (derived first in [{]) to the equation of motion for a scalar field in AdSs.
Our transform reveals an explicit relation between the parton-x variable and the radial
coordinate of AdS3, which we use to transform the meson parton wavefunction into the
KK-mode wavefunction of the dual scalar field.! We also show how a calculation of a
two-point correlator using parton wavefunctions can be reformulated as an evaluation of
an appropriate three-dimensional action, thereby verifying the AdS/CFT prescription. In
other words, we find a direct map from the CFT to AdS.

The paper is organized as follows. In section ], we will briefly review the ’t Hooft
model and summarizes the relevant results. Section B which discusses the 3d dual will
be divided in two parts. In the first part, section B.J, we will match two theories in the
conformal limit. The second part, section B.3, will discuss conformal symmetry breaking
to leading order in the coupling. We then present our transform that relates the 't Hooft
wavefunctions to the KK modes (section ), and show how one may derive a 3d action
from the 2d side. Finally, we make some comments in section | about the expected form
of the full dual to the 't Hooft model and its relation to the model of [f]. We conclude in
section .

L An alternative proposal for the relation between parton-z and the radial coordinate was given in @]



2. The ’t Hooft model

This section contains a short review of the 't Hooft model [[J] and summary of some known
and new formulae relevant to our later discussions on the 3d dual. Section R.1] reviews the
basic features of the model in the conventional language commonly used in the literature,
while section P.9 and P.3 are written in a manner best-suited for the use of AdS/CFT
correspondence. In section P.4 we remark briefly on the fate of chiral symmetry in the ’t
Hooft model.

2.1 The basics

The 't Hooft model is an SU(N,) gauge theory in 141 dimensions with Ny Dirac fermions
(‘quarks’) in the fundamental representation of SU(N.). Just for simplicity, we will take
Ny = 1 in this paper. Denoting the ‘quark’ and the ‘gluon’ field-strength by ¢ and G,
the Lagrangian is given by

N, » — —
Lot Hooft = —mtr (G G* ] + Dy — mg (2.1)

where m, is the quark mass, and the gluon field is normalized such that D,y = 9,% +
iALT ) with tr[T @b = §%. Note that in 2d the mass dimension of the gauge coupling is
one, and in (R.1) we have chosen to write the coupling as Ay/7/N, where A is a physical
mass scale analogous to Aqcp of real-life QCD. We assume N, > 1 and will analyze the
theory in terms of 1/N, expansion. We will frequently refer to the left-mover ¢ = 13+¢
and the right-mover 1_ = P_v, where Py = (1 4 v3)/2 with 75 = 4971

In this paper, we will mainly consider the mg — 0 limit, in which the Lagrangian (.])
has the following global U(1);, ® U(1)g flavor symmetry. Under U(1)z, ¥4 transforms as
. — e, while _ is neutral. Under U(1)g, 14 is neutral while 1_ transforms as
Y- — e@qh_. Equivalently, we will sometimes talk about the vector U(1)y and axial
U(1)4 symmetries corresponding to oy + «, and ay — cv,.. Note that, unlike in the 4d QCD,
the SU(N,) gauge interaction does not make U(1)4 anomalous, thanks to the fact that all
SU(N.) generators are traceless. Therefore, in the mgy — 0 limit, the Noether currents L,
and R, for U(1);, and U(1)g are both exactly conserved even at quantum level. In other
words, 0, (a|L*|8) = 8, (a|R*|8) = 0 for any states |a) and |3).?

Note that, in 2d, the ‘gluon’ has no propagating degrees of freedom — it only produces
instantaneous “Coulomb” interactions. Due to this and the fact that the gauge boson
self-couplings vanish in light-cone gauge (A1 = 0 or A_ = 0), all two-point correlation
functions between color-singlet quark-bilinear operators can be exactly calculated at the
leading order in 1/N, expansion [§]. The results can be expressed solely in terms of the ’t
Hooft wavefunction ¢, (x) where x is restricted as 0 < z < 1 whilen = 0,1,2,--- labels the
|2

mesons. The z variable is literally the x in the parton model, and |¢,(z)|* is precisely the

parton distribution function. The meson mass m,, is an eigenvalue of the 't Hooft equation

*However, they may have global anomalies, that is, products of currents (such as (0|T{L,(x) L. (y)}|0))
may be only conserved up to a local term. This is not a problem since these U(1) symmetries are not gauged.



(with ¢,,(z) being the eigenfunction):

mg/A? —1 S paly)  md
m%(l‘) _P/O Wd@/ =32 9n(2), (2.2)

where P denotes the principal-value prescription for the integral. From this equation, one
can deduce that ¢, (x) can be taken to be real, orthonormal, and complete:

1 o0
/0 02 6u(2) (@) = dum > bula) duly) = 3z — ). (2.3)
n=0

Also, the meson spectrum is non-degenerate, so ¢,(z) satisfies the following
reflection property:

dn(1—2) = (=1)" pp(x) . (2.4)

As an example which illustrates how ¢, (x) appears in the correlators, let us consider
the scalar and pseudoscalar operators S = ¢t and P = i1)y31). Then, at the leading order
in 1/N, expansion, the Fourier transforms of the SS and PP correlators® are given by

1 m2 ! T — 2
ssi0 =0 ¥ o[ [w X o] . e

2 2 ;
mz +1
n=1,3,-- q n €

ey =Ny Uld S >]2 (2.6)
q) = : x x . .
ir 4 @?—m2+ic )y x(1-x2)""
(See appendix [B for the derivation.) Notice that the correlators (R.§) and (R.6) have poles
corresponding to the meson masses, but have no cuts associated with intermediate states of
quarks-quarks are confined. Also, we see in (B.§) and (R.6) that the n = 0,2,4,--- mesons
are pseudoscalars while the n = 1,3,5,--- mesons are scalars.

Unfortunately, no closed-form expression is known for either ¢, (z) or m,. However,
for n > 1 and my < A, it is easy to check that they may be approximated as

bn() =~ V2cos[nmx] , mZ~w2An. (2.7)

Note that the meson spectrum exhibits a Regge-like behavior. This approximate form of

¢n(x) is only valid away from the x = 0,1 endpoints. Near the endpoints, ¢, (z) sharply

rises from 0 as 2/, then quickly switching to the above cosine behavior.

3We use the notation

(©:0:)() = [ 2 OT(01(@) O2(0}0)

4The reader familiar with the 't Hooft model may recognize that our approximate solution (@) is
different from the one commonly found in the literature where it is sin[(n + 1)7x] instead of cosine. The
reason for the difference is m,. We are interested in the mg < A case (in fact the mq — 0 limit) where ¢,

mg /A

shoots up almost vertically at the endpoints because the slope of © diverges for mgy — 0. On the other

hand, the sine solution seen in the literature is appropriate for mq ~ A.



Some exact results are known in the m,; — 0 limit. For example, we will see in
section that all the mesons except n = 0 satisfy

1
/ bu(x) d = O(my/A) — 0. (2.8)
0
The lightest meson (i.e. n = 0), on the other hand, satisfies
m2 27
T 1, ¢ A 2.9
¢0( ) — mg - \/g ( )

(See, for example, [[1]] for a derivation of the last formula.) Thus this pseudoscalar meson

2

becomes massless as m,; — 0. Even though this is reminiscent of the relation mz

X Mg in
real-life QCD, it is actually a bit subtle to interpret the n = 0 meson as a Nambu-Goldstone
boson from chiral symmetry breaking, because in 2d there is no spontaneous breaking of a

continuous internal symmetry [[J]. We will briefly return to this issue in section P-4.

2.2 Primary operators in the ’t Hooft model

When we construct the 3d dual of the 't Hooft model in section [, our starting point will
be the conformal limit of the model (A — 0 and m; — 0). In conformal field theory,
primary operators play an important role. Conformal invariance strongly constrains the
properties of primary operators, and once we know all the correlation functions among
primary operators, all other correlators can be derived from them by conformal symmetry.
So in this section we describe the primary operators in the 't Hooft model.

Since we are working at the leading order in 1/N, expansion, we only consider color-
singlet quark-bilinear operators. Furthermore, in the conformal limit, since m, is absent
and the gauge interaction can be ignored, many of those operators actually vanish by the
equations of motion d4v¢_ = d_1, = 0.> We then classify non-vanishing ones according
to scaling dimensions and U(1) 4 charges.

Among U(1)4-charged primary operator, the only one combination which does not
vanish by the equations of motion is

S+iP
\/5

All other ones can be written as a non-primary operator plus a piece that vanishes by the

X =

= V2ply_ . (2.10)

equations of motion. (See appendix [4] for the details.) X is neutral under U(1)y. The
scaling dimension of X is one.

On the other hand, there are two types of U(1)4-neutral primary operators which do
not vanish by the equations of motion:

k—1
Lip = V2 (61C)* [(=i0)* " 90 ] (102 P 0
j=0
k—1
Ri- = V2Y (51Cy) [(=i0-)F Iyl (0 Yy, (2.11)

J=0

5The light-cone coordinates zt are defined as z& = (:cozt:cl)/\/i. The left-mover ¥+ and the right-mover
_ are defined by 1+ = Pyt where Pr = (1 £ ~3)/2 with v3 = yoy1.



where ,,C,,, = n!/[m! (n —m)!], and the notation Ly is a shorthand for Ly ..y with k +s.
(See appendix [A] for derivation.) Both the L-type and R-type are neutral under U(1)y.
The scaling dimensions of Ly, and Rj_ are both k.

Even though Ly (or Rj_) by itself is an irreducible representation of the 2d Lorentz
group, it is often convenient to regard Li, and Ry_ as components of the rank-k tensor
operators Lfﬁ)uk and Rfﬁ)uk where Lfﬁ)“k consists of 1/)1, 1y, and k— 1 derivatives, while

Rfﬁ)uk consists of T,Z)T_, ¥_ and k — 1 derivatives. So, by definition we have

L(fi...+ =Lyt R" =R, (2.12)
and
k _ k _
. =0, R, =o0. (2.13)

All the remaining components (with mixed +s and —s) are not identically zero like (2.13),
but will vanish by the conformal-limit equations of motion 0,1 = 0_1, = 0:

L® =0 , R =0 (by the e.o.m.) (2.14)

+— mixed — +— mixed —

Thus the meanings of “0” in (R.IJ) and (2.14) are very different — while (2.13) is always
true by definition, (R.14) will not hold once we go away from the conformal limit by turning

on A or my. Also, even in the conformal limit, (R.14) may be violated by a local term for
products of operators, since quantum mechanically equations of motion only hold up to a
local term for operator products.

Hereafter, we will often refer to L/(ﬁ)uk and R/(ﬁ)uk as ‘spin-k’ currents, even though
there is no angular momentum in 141 dimensions. The spin-1 and -2 currents are the
familiar ones; L, and R,, are the Noether currents for U(1)z, and U(1)g, while (L, +R.)/2

is the energy-momentum tensor 7},,. Similarly, we will sometimes refer to X as ‘spin-0’.

2.3 Two-point correlators in the ’t Hooft model

Here, we summarize two-point correlation functions among the primary operators in the 't
Hooft model. We first present exact formulas at the leading order in the 1/N, expansion (see
appendix B for derivation), then analyze their conformal limit and the O(A) corrections,
to prepare for the construction of the 3d dual.

The SS and PP correlators are already presented in (P.§) and (P.§). The LL- and
RR-type correlators for arbitrary m, and A also take a rather simple form:

iN, qk+k’
(Lt L)) = —2 ) 55— My My n ,

T ¢ —m} +ic
1N, q’frk,
Ri_ Ry_ = My, , M} 2.15
(Ri— Rir—)(q) - zn:qg_m%JriE kM s (2.15)
where the moments Mj, ,, are defined as

1
My, = / dx Pp_1(2z — 1) ¢n(7) , (2.16)

0



where P,(x) is the Legendre polynomial. (Unfortunately, the correlators for the other
components of L/(ﬁ)uk and R!(/«]i)#k with mixed + and — indices are difficult to compute
except in the conformal limit. The LR correlator is also difficult to calculate.) Note that,
from (R.4) and (R.1G), we see that Ly, and Ry_ with even k create scalar mesons, while
with odd k they create pseudoscalar mesons. Then, at the leading order in 1/N,, this has

a simple corollary:

k k
(S L) (@) = (SR )(q) = 0 for k = odd,
(P LY. (@) = (PR )(g) = 0 for k = even. (2.17)

On the other hand,

- k 1 _
(S Lit)(q) = Ne Z % Mkn/ dx M(bn(a;) for k = even, (2.18)
0

2m 4~ q* —mj +ic z(1—x)
and
(P Liy)(q) = Ne Z T q+ /dZE () for k=odd. (2.19)
i o ¢z —m2 + zz—: On : :

The SR correlator can be obtained from (2.I§) by replacing ¢4 with ¢_, while the PR
correlators can be obtained from () by replacing ¢4+ with ¢_ and put an overall —1.

For k = 1, the above formulas greatly simplify in the m, — 0 limit (but still with
arbitrary A). In this limit, (2.§) and [R.9) imply M, = 6,0, which allows us to evalu-
ate (R.15) exactly for k = ¢ = 1. Also, recall that both L_ and R, are identically zero.
Therefore, we obtain the following very simple expressions:

. L.L
iN. 9,9
L, L = “7
< 12 V>(q) T q +Z-€7
i N,
(RuR,)(q) = ZF qq“fyw (mg — 0, A arbitrary), (2.20)
where
Qu + €uwq” Qu — €uwq”
qﬁ = 1¢  Hvd , qf =i Hvi , (2_21)
2 2
with e, = —e_; = +1. (Hence, q_ﬁ = ¢4 and ¢ = 0, while qf = 0 and ¢® = ¢_))

How about the LR correlator? Because L_ and R, are identically zero, the only (poten-
tially) nonzero component of the LR correlator is (Ly R_)(q). Then, since (L R_)(q) is
a dimensionless Lorentz scalar, we can write the LR correlator as

ZN Qu QV

(LMRV>(Q)_ T @2t ie

F(A%/g%), (2.22)

with some function f. Then, denoting the U(1)y current as V), = L, + R,,, we have

iN¢ euaq euﬁqﬁ iN, ququ +qqu|: _

v
<V v)(9) = T q% + i ™ q* +ie

F(N /)], (2.23)



which implies

PV Vidla) = - (7 g?)] (2.24)

Now, the current V), is classically conserved and is not anomalous either. Then, for a
product of operators such as V,,(z) V. (y), the conservation of V,, should hold up to a local
term. Therefore, f cannot contain a negative power of ¢>. On the other hand, f cannot
contain a negative power of A in order to have a smooth conformal limit. Therefore, f must
be a constant, which implies that (L R_)(q) is also a constant, therefore, local. (This can
be also easily checked by a direct calculation a la [§].) While a choice of the constant f
has no effect on physics, a common choice is f = 1 so that (V,,V,) is identically conserved
without any contact term. However, we instead choose f = 0, which will be convenient for
our 3d analysis in section []. Hence, we have

(LuRy)(q) =0 (mg — 0, A arbitrary). (2.25)

This has an obvious physical explanation — without mg, the left and right movers never
talk to each other, no matter what A is.

2.3.1 The conformal limit

In this section we specialize the conformal limit (A — 0 and m, — 0) of the 't Hooft model.
Let us begin with (R.15). First, note that without m, or A there is no dimensionful quantity
that could make up m2. So we simply ignore the m2 in the denominators in (R.15), and
we obtain

iN. Oy ¢t
m 2k —1q2 +ie
iN. Oy ¢

m 2k —1q2 +ic

(Lt Lir4)(q) =

(Ri- Rw—-)(q) =

(A — 0, my — 0), (2.26)

where we have used the completeness relation of the 't Hooft wavefunctions (£-J) and the
orthogonality of the Legendre polynomials. Next, because of (.13) and (2.14), all the
remaining components of the LL and RR correlators are either literally zero, or vanishing
up to local terms by the equations of motion. So let us simply set all of them to zero. We
can then summarize the LL and RR correlators in a compact form:

. L L L L
ZNC 5kk/ qu T ququl e qVk’

k 14
(L L LX), M) =

T 2k —1 q% +ie ’
. R R R R
(k) (k") ~iNe Opr Y G Qe
<R/J1'”/Jk RV1~~-Vkr>(Q) = ﬂ_c o —1 - qzk_'_ z'lg . (A —0, mg — 0), (2.27)

where qﬁ and qf are defined in (R.21)). Note that these correlators vanish for k # &/, which
is consistent with conformal invariance which tells us that any two operators with different
scaling dimensions have a vanishing two-point correlator.
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Next, note that the U(1) 4 symmetry, which is unbroken in the conformal limit, forbids

X from having a nonzero two-point correlator with any L/(ﬁ)uk or R!(/«]i)#k Thus we have

(X Op)q) = (XTOR)(q) =0 forall k, (2.28)

where Oy, = L/(ﬁ)---uw R;(ﬁ)uk

On the other hand, as far as the symmetries are concerned, L,(fl)uk and Rfﬁ)uk with
the same k& may mix with each other. However, thanks to the fact that the conformal limit
is a free theory, one can easily see diagrammatically that

(Lffl).,,“k R,(ff)ykﬂq) =0 forall k. (2.29)

(Here we may, if we wish, add a local term to the right-hand side, which of course has no
effect on physics. We choose it to be zero.)

2.3.2 Operator mixing at O(A)

In this section, we stick to the m, — 0 limit, but examine O(A) corrections to the correlators
studied in the previous section. Fortunately, we are not opening Pandora’s box, because
dimensional analysis and Lorentz invariance imply that the only correlators that can have
nontrivial O(A) pieces are (SOy) and (POy), where O = Lgi),,,uk, R/Ski)/lk All other
correlators get corrections only starting at O(A2).

Let us begin with the m, — 0 limit of the PL correlator (2.19). First, note that by
integrating both sides of the 't Hooft equation (B.J) over z, we obtain

2 ! 2 ! bn ()
mn/oda; on () —mq/odx T0—a) (2.30)

2
q

this is incorrect. To deduce the correct m, dependence, let us look at the high energy

For m,, # 0, this naively seems to imply that folqbn(x) dz = O(mg) — 0 as my — 0. But
behavior of the PP correlator (R.). Since the *t Hooft model is asymptotically free, we
can use the free-quark picture to calculate the PP correlator for @Q? = —¢? > A2, which
gives (PP)(q) o< log@Q. On the other hand, in (R.g), this log @ behavior must arise from
summing over n. Since m2 o< n for n > 1, this can happen only if the combination
myq [dz ¢y (x)/2(1 — x) becomes independent of n for n > 1. Returning to (R.30), this
means that the correct behavior must be foldx oOn(z) = O(myg) — 0 as my — 0. So, to

par ameterize thiS, let us define Yn via
—1 /ld (;5 ( ) = —7 — 0 (2 31)
T T as m .
mgqg Jo " A a ’

for n # 0. The n = 0 case is an exception — recall that its behavior in the m, — 0 limit
is given in (2.9). We include this exception by defining 79 = A/m,. Then, in the m, — 0
limit, (R.19) can be written as

(PL >()—%2Lm—%M for k = odd (2.32)
R = 50 . @2 —m2+ie A n Y a ’ '
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Now it is manifest that the PL correlator begins at O(A). The PR correlator can be
obtained from the PL correlator by replacing ¢+ with g— and multiplying an overall —1.
Unfortunately, there is no such simple formula for (SLj) or (SRy_).

For k = 1, the PL and PR correlators take especially simple forms. Note that (P.9)
implies M, = 0,0, and also recall that we have L_ = 0 by definition. Therefore, (2.39)
with £ = 1 becomes

PL) = Ne Gy (2.33)
WA= B e '
where qﬁ is defined in (R.21)). Similarly, we get
N, qf
PR =<t 2.34
(PR (@) =~ (239

Note that, as long as m,; — 0, these two formulas are exact at the leading order in
1/N. expansion.

2.4 (Apparent) Chiral symmetry breaking

The O(A) correlators derived in the previous section seem quite puzzling. Notice that, by
combining (R.33) with the fact that (SLy) = 0 (i.e. the k = 1 case in (R.17)), we obtain
(XL4) # 0. Since X is charged under U(1)4 while L. is neutral, this means that U(1)4 is
spontaneously broken. (There is no explicit breaking since my = 0.) Even simpler, the fact
that the scalars and the pseudoscalars are not degenerate in mass indicates that U(1)4 is
broken. However, in two dimensions, the Coleman-Mermin-Wagner (CMW) theorem [[[]
states that there is no spontaneous breaking of a continuous internal symmetry, in the
sense that any correlation function with a net U(1)4 charge (such as (X L)) must vanish!
So it seems that the 1/N. expansion gets the vacuum wrong or assigns wrong charges to
the operators.

To understand how the 1/N, expansion might get the U(1)4 charges wrong, imagine
a 2-to-2 scattering process between, say, two n = 1 mesons. We are interested in questions
about the vacuum, so let us restrict the momenta to be much less than O(A). Then, the
process is dominated by the exchange of the massless n = 0 meson. By dimensional analysis
and large-N. counting, the relevant piece of the effective Lagrangian schematically is

2
vV Ne
Therefore, the amplitude M for this scattering process is given by
A2\ 11 A
\/Nc (\/ml) p Ncmlp

where (,/m7)?* arises from taking into account the fact that the ¢; particles here are non-

Lot ~ Do 0o + D1 01 + m7 11 +

Po P11+ -+ (2.35)

relativistic, and p < A is the magnitude of the spatial momentum transfer in the process.
Perturbative unitarity then requires this amplitude to be < A2 /m%, so this description
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is actually valid only for p 2 p. = A/v/N.. Therefore, we do not really know the true
long-distance dynamics. In particular, since ¢g gets strongly coupled to ¢; at distances of
order p, !, the true state describing an n = 1 meson is not well-approximated at all by the
state created by the ¢ field above. Thus, in particular, we cannot relate the U(1) 4 charge
of the physical n = 1 meson to that of the ¢, field. In other words, the real n = 1 meson
is a ¢1 meson accompanied by virtual ¢g mesons, and this ‘cloud’ of the ¢ field effectively
screens the charge of the meson. Thus, in the 1/N, expansion we do not know the charges
of the mesons, hence we do not know if U(1) 4 is broken.

However, any analysis that only involves distances shorter than O(p;!) should not
care about what is going on outside the ‘cloud’. In particular, since the scale p. is much
lower than A for large N., we can trust our meson spectrum. Also, all correlators we have
calculated should be valid at energies above O(A/+/N.). (See ref. [I3 for a discussion on
the similar ‘puzzle’ in the Thirring model.)

For our purpose, a crucial question is whether or not the 3d dual should exhibit this
‘apparent’ chiral symmetry breaking. Since loop expansion in the 3d dual should agree
order-by-order with 1/N, expansion in the 2d side, tree-level analyses in the 3d side should
reproduce every aspect of the leading-order results in 1/N, expansion in the 2d side, in-
cluding things that 1/N, expansion gets ‘wrong’! In fact, we will see in section B.J how
the 3d dual incorporates this ‘apparent’ chiral symmetry breaking.

3. Aspects of the 3D dual

In this section we will construct the 3d dual of the 't Hooft model. As we have discussed in
section [I], we will focus on two-point correlation functions, hence our 3d Lagrangian will be
just quadratic in bulk fields. What should the 3d geometry be? Since the ’t Hooft model is
asymptotically free, it is nearly conformal in the deep UV. Therefore, naturally, our zeroth-
order geometry should be AdSs, corresponding to the conformal limit of the 't Hooft model.
Then, for z < A™!, conformal symmetry breaking effects can be parameterized as small
deviations from the exact AdS3, which can be analyzed order-by-order in A. Here we should
emphasize the fact that expanding the exact correlators (the ones in section P.J) in powers
of A is different from doing perturbation theory in g, despite the fact A o< g. For example,
recall that (PL,) oc A. Clearly, we cannot get this result from first-order perturbation in
g-exchanging one gluon already costs us ¢g2. If we trace back where the A comes from in
section P.3.3, we see that it uses information about the spectrum (specifically the mass of
the lightest meson), which cannot be understood by perturbative expansion in g.

The aim of this somewhat long section is the following. Note that our ultimate goal is
to understand the full 3d quadratic action including all fields dual to the primary operators.
Those fields mix with one another, but it is difficult to see a priori what the mixing pattern
is. Therefore, it is useful to study the structure of the 3d action for the fields dual to low
spin operators. It is also reassuring to see that our ‘program’ works to O(A).

This section is organized as follows. First, in section B.1], we discuss some exact results
which are a beautiful application of the Chern-Simons term in 3d. Then, in section B.2,
we map the conformal limit of the 't Hooft model onto a theory in AdSs3, and then will
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analyze O(A) conformal symmetry breaking effects in section B.J. Throughout the entire
section [, we will restrict to the mg — 0 case, but the case with a finite quark mass clearly
deserves a separate study.

We adopt the notation (z) = (z#,2) where M = 0,1,3 and g = 0,1, with the
AdS3 metric

1
ds? = 2 IMN dzMda™ (3.1)

where (nyn) = diag(l,—1,—1). We will raise and lower indices using nasn, rather than
gMN, so as to make z dependence always explicit. We will work in the m, — 0 limit, unless
otherwise stated explicitly.

3.1 The anomalies and the Chern-Simons terms

As we will see, there are some common features to the quadratic actions for the bulk fields
that are dual to the U(1)s-neutral primary operators discussed in section B.2.1. One of
them is that they all contain Chern-Simons terms. The Chern-Simons terms are quadratic
in 3d, so they are entitled to be included in our quadratic action. In fact, it turns out that
not only they must be included for symmetry reasons, but also they are fully responsible
for generating non-trivial correlators between primary operators with non-zero spin, such
as L,, R, , etc. In this section, we analyze the quadratic action for the fields dual to
L, and R,, which is the simplest example that illustrates the role played by the Chern-
Simons terms.

Recall that the correlators (B.20) and (R.2§) are completely independent of A. Since
conformal symmetry breaking effects correspond to turning on some backgrounds in the 3d
bulk and deforming the geometry away from AdSs, the A-independence of (2.2() and (2.2§)
means that 3d calculations leading to these correlators must be completely insensitive to
the backgrounds somehow. So, in this section, we would like to understand from the 3d
perspective why this is s0.°

First, corresponding to the Noether currents L, and R, for the U(1); ® U(1)g global
symmetry, we introduce 3d gauge fields £, and Ry for the U(1),®@U(1) g gauge symmetry.
The values of the bulk gauge fields at the z = 0 boundary, ¢,(z) = £,(,0) and r,(z) =
R,(x,0), are identified as the sources for the 2d operators L, and R,,. We then perform 3d
path integral for fixed ¢(z) and r(z) to obtain an effective action which is a functional of ¢(z)
and 7(x). This effective action is then interpreted as the 2d generating functional W ¢, r],
from which we can obtain any correlation functions involving L, and R,. Following our
general philosophy, we only consider two-point correlators, and in this section we restrict
our attention to two-point correlators between L, and R, only, namely, (2.20) and (2.2).
We first consider the LL and RR correlators (R.2(), i.e. the effective action Wrr[¢] and
Wrrlr], where W [¢] is a quadratic functional of only ¢(z), and likewise for Wgrg(r].

SThere are also other exact results that are proportional to A, such as ) and () Since discussing
these requires some information about the conformal limit, we will come back to them after section .
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The key is to look at the anomalies of the LL and RR correlators. Even though L,
and R, are both conserved classically, taking the divergence of (R.2() gives
iN,
47

tN.

0" (LyL)a) = =

(QV + (ju) ) qH<RuRu>(Q) =

(v —a), (3.2)

where G, = €,,¢”. It is important to note that no terms in (B.3) can be adjusted by adding
local terms to the right-hand sides of (R.2(). For example, naively, it might seem that
we could add to (L,L,) a local term —i7,, N./(47m) to cancel the g, term appearing in
¢"(L,Ly,). However, with such a local term, (L, L,) would not vanish when p or v is —,
which contradicts with the fact that there is no L_. On the other hand, a local term that
would shift the coefficient of the ¢, term would have to be proportional to €,,, which is
impossible, however, because (L,L,)(¢) must be symmetric under y < v and ¢ — —q.
Therefore, since the nonzero divergences (B.J) cannot be cancelled by adding local terms
to (L,L,) or (R,R,), (B-3) represent anomalies of these correlators.
This then implies that, under £,,(z) — £,(x) + 0u&¢(x), Wrr[l] changes as

2
Wislt] — Wirll + [ G 0= (1L (@) 260
i 2
= Wuld+ 5 [ e a6 (33

On the other hand, in the 3d side, we have the U(1)1 gauge transformation
,CM(ZE,Z) —>£M($7Z)+8M£€($vz) > (34)

where &(z,0) = &(x). The variation (B.J) then clearly shows that the 3d Lagrangian for
Ly must contain a term other than the kinetic term .7-"](\51)\, FLMN - The non-invariance
cannot be due to a mass term in the bulk, however; Such a mass term can only arise
from the Higgs mechanism in the bulk, which would correspond to the (apparent) chiral
symmetry breaking discussed in section R.4, but the correlators (2.2() contain no A and
thus do not see the (apparent) chiral symmetry breaking. Therefore, the gauge symmetry
must be intact in the bulk, and it may be violated only by the presence of the boundary.
Then, it is easy to see that the g, term of (B-3) must be reproduced by a boundary mass
term —% L, LF at z = 0. Put another way, recall that the g, term would be absent if we
added a local term that violates the identity L_ = 0. Therefore, the above boundary mass
term is telling AdS3 that there is no such thing as L_.

What about the g, term? Since it has an e tensor in it, the only possible quadratic
term in the bulk is the Chern-Simons term % eMN L0y Ly (9% = +1). Under the
U(1)r gauge transformation (B.4), this is invariant up to a total derivative which precisely
yields the boundary term we want to match the g, term in (B.3)! Repeating the same
analysis for R, leads to the same coefficient for the Rj; boundary mass term, while the
opposite-sign coefficient for the Rj; Chern-Simons term, due to the opposite signs in (B.9).
Thus, we have exactly determined the part of the 3d action responsible for the anomalies
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of the correlators (R:20) and (R.25):

N
SL,R = SE?}%{ + E /d2$ dz ELMN(ﬁL O LN —RpL OMRN)

Ne
% / d*z [L,.LM + R, RM (3.5)

z=0"

where S}-jf}%k refers to gauge-invariant bulk terms (such as the kinetic terms for £;; and
Rar), which do not contribute to the divergence of the LL and RR correlators.

There are a few key things to notice here. First, the Chern-Simons and the boundary
mass terms are both completely insensitive to the bulk geometry or any background turned
on in the bulk. This is obviously true for the boundary terms. The Chern-Simons term is
insensitive to the bulk geometry, simply because the metric never appears there. Further-
more, its gauge invariance (up to a total derivative) forbids a z-dependent background to
multiply £70y L. Therefore, nothing can feel a source of conformal symmetry breaking,
hence the divergence of the LL and RR correlators (B.J) must be exactly correct even in
the presence of A.

This in turn implies the following. Note that the correlators (2.20)) are unique once
the divergences (B.2) are given. Therefore, even without knowing anything about SE}‘}%‘, we
know that the 3d side will give the correct LL and RR correlators regardless of the bulk
geometry or other backgrounds turned on in the bulk! From the 3d perspective, this is
nontrivial because once we turn on A all bulk fields mix with one another. We will explicitly
see in section how the 3d side ‘knows’ that the conformal result is actually exact.

There is also a nice interpretation of the different choices of f in (.22) on the 3d side.
Note that the boundary terms above correspond to our particular choice of f, namely,
f = 0. If we choose f = 1 instead so as to have ¢*(V,V,) = 0 without any contact
term, repeating the above exercise tells us that there should be an additional mass term
%EMR“ at the z = 0 boundary in order to match the nonzero divergence of the LR
correlator (P-29). Note that this new mass term plus the existing ones amount to a mass
term A, A" for Ayy = Ly — Ry Similarly, a new Chern-Simons term must be added as
well, which together with the old ones becomes a single term eEMN Ar 9 V. This is the
3d manifestation of the well-known fact that any U(1)y-preserving counterterm necessarily
violates U(1)4.

3.2 The conformal limit

As we have seen, the 3d action for the fields dual to the U(1)4-neutral primary operators
L.y and Ry, ..., has the feature that in the conformal limit it is essentially governed by
the Chern-Simons term. In section and B.2.9, we will study the spin-1 and -2 cases
in detail and verify this feature. We then remark on the general structures for higher spin
cases in section B.2.3, and analyze the spin-0 case in section B.2.4, which in the conformal
limit is just a standard AdS/CFT calculation.

3.2.1 The spin-1 sector

This sector consists of operators L, and R,. In the conformal limit, the quadratic part of

the Lagrangian is given by (B.H) with SE?}%‘ being just the kinetic terms for L£3; and Ry
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in the AdS3 background:

where g3 is the gauge coupling which is chosen to be the same for £3; and R because the
't Hooft model respects parity. First, since £3; and Rjps do not couple in the Lagrangian,
the correlator (R.2§) is trivially reproduced. Next, as we have pointed out, the 3d side
should give us the exact LL and RR correlators to all orders in A. Since the correlators
(.20) have no A, this actually means that the 3d result should only depend on the fact
that the background is asymptotically AdSs, i.e., the bulk Lagrangian can be anything as
long as it asymptotically takes the form (B.6) as 2 — 0. Let us see how this comes out.

Since the Lagrangian for £, and that for Rjs are the same except for the sign of the
Chern-Simons term, let us look at Ly;. We choose a gauge where £3 = 0. Furthermore,
it is convenient to decompose L£,(q, z) (where g is the 2d momentum) into its longitudinal
and transverse components:

7 1€,
L, = %ﬁn ’;q L, (3.7)

where £ is the longitudinal component, i.e. 9L, = L, while £ the transverse. The
constraint equation arising from varying the Lagrangian with respect to L3 and setting
L3=01is

where the prime denotes a z derlvatlve, and the coeflicients should make clear the origin of
each term. The equation of motion in the bulk for an Euclidean momentum Q2 = —¢? > 01is
E[Z(Zﬁl)/ —Q*z EL} + gzﬁﬁ =0. (3.9)
The solution to these equations which vanishes as z — oo are
K, (Qz)
Li(qg,2)=———=L1(q,¢), 3.10
(0.2 = B o £1a:0) (310)

where K, (z) is the modified Bessel function of the second kind with v = g3 N./(27). Note
that we have introduced a short-distance cutoff by moving the boundary to z = ¢ > 0.
Repeating this exercise for R s is a trivial task.

Now, upon plugging the solutions into the action, there is an important intermediate
step which provides a crucial insight. Regarding z as “time”, we find that the action as
a functional of the “initial conditions” at z = € takes the following form for any £ and R
that vanish at z = oo:

SLRr = —/(d(i [ 220 {LL(=9) L' (@) +RL(=9) R (q) }

_|_F52{£”(—q) L1(q) —Ry(—q) RJ_(Q)}

+ “{Lu(-0) L") + Ru(-) R (@)}, (3.11)

Z=€
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where everything is evaluated at z = e. Note that, since K,(Qz) o z~" for small z, we
have €L’ (¢,€) = —vL (q,€) + O(€). Now we can take the € — 0 limit, and in terms of the
original £,, and R, variables, we get

SL,R—_%/W [ﬁ (—q) qgﬂ.eﬁ (¢) + R*(—q)

q%ql
Wb R L (312)
q° + 1€ 2=0

where we have analytically-continued back to the Minkowski momentum. This effective
action exactly gives (R.2(J) regardless of the value of g3, as we have expected.

In the above derivation, one should observe that the action was dominated by the
leading small-z behaviors of £, and R . (The only property of K, (Qz) that was actually
used is that it behaves as 27" for small z.) This means that the effective action (BI3) is
actually completely insensitive to the breaking of conformal invariance, because the leading
small-z behavior is fixed by the requirement that the theory be asymptotically AdSs for
small z, reflecting the asymptotic freedom of the 't Hooft model. Therefore, the 3d dual
also knows that the correlators (R.2(]) are exact!

3.2.2 The spin-2 sector and the gravitational Chern-Simons term

In this sector, we have the operators L,, and R, , as discussed in section P.3. Even though
the spin-2 case has the same feature as spin-1 that the Chern-Simons term completely
governs the conformal limit, there is an important difference; while the conformal result
is actually exact in the spin-1 case, it will receive A dependent corrections for spin-2 and
higher. Therefore, the spin-2 case serves as a ‘prototype’ for all higher spin cases, exhibiting
all the common qualitative features and complexities.

Setting k = 2 in (R.27), the correlators in the conformal limit are

iN. 4954595

L l/L o = .
( uv Lp )(q) 31 2 +ie
iN qRqRqRqR
R, R,» — cip v ip fo 3.13
(Ruw Rpo)(q) 3 ¢?+ie ( )

We also have (L, Rys)(q) = 0 from (R.29). In the full interacting theory, the linear
combination (L, + R,,)/2 is the energy-momentum tensor which is conserved. However,
in the conformal limit, L,, and R, are separately conserved. Correspondingly, in the 3d
side, there must be two ‘gravitons’, Ly;n and Rasn, where the graviton is the combination
Lyn+Run.

Below, we begin with some formalisms concerning spin-2 fields, in particular, the
gravitational Chern-Simons term [[4]. Then, following a similar path as the spin-1 case,
we first match anomalies and fix the coefficients of the Chern-Simons terms, then we
will derive the correlators, and find that the correlators are already fixed by the Chern-
Simons, that is, the 3d predictions of (L., L,;) and (R, R,,) turn out to be completely
independent of the value of M, (i.e. the 3d Planck scale). These are completely parallel to
the spin-1 case. But we will also see where differences come in once we turn on A.
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First, some generalities.” We write the full metric g4p as

9AB = gAB + hap , (3.14)

where gap is the background AdSs metric, and hap is the fluctuation around the back-
ground. (Later when we apply the formalism to our problem, hyp will be L5 or Rap.)
Then, general covariance is equivalent to gauge invariance under the following transforma-
tion of hapg:

hap — hap + Vaép + VBéa, (3.15)

where ¢4 is an infinitesimal transformation parameter, and terms of O(£h) or higher are
dropped. In our coordinates (B.1), this becomes

2
dhss = ;(Zﬁs)/, (3.16)
1
Shsa = On&s + ;(z%a)’, (3.17)
2
0hop = 0aép + 0péa + ;naﬁ&, , (3.18)

where the primes denote a z derivative. It allows us to choose a gauge where
hss = haa =0 . (3.19)

This does not completely fix the gauge, however, and the (useful part of) residual gauge
transformations which preserve the hg4 = 0 gauge can be parameterized as

fale?) = Hale) & =0, (320)

where &, (z) is independent of z. Then, in terms of flag defined via

1 -
hog = Z—zhaﬁ , (3.21)
the residual gauge transformation reads
hag (@, 2) — hag(x, 2) + Oabs(z) + Ipéa(x) . (3.22)

Note that the shift of izag is independent of z. In other words, the zero mode (i.e. the

z-independent mode) of izag transforms exactly like the ‘graviton’ in flat 2d space.®

"In this section, we distinguish two types of indices. When an index is L, M, N, - - - (or p,v,p,- -+ when
referring to only 2d coordinates), it is raised and lowered using nasn, which is the convention used in
all other sections in the paper. On the other hand, when an index is A,B,C,--- (or «, 3,7, -- when
referring only to the 2d coordinates), it is raised and lowered using the honest AdSs metric gap. The
spacetime covariant derivative V4 is covariant with respect to the AdSs background Gap (i.e. not including
the fluctuations hap), unless otherwise noted.

) SThe rest of the residual gauge transformation takes the form & = —10.((), & = 1({(x), and hop —
hag — z28a8ﬁC(:c) + 2nas¢(x). At the z = 0 boundary with hnny = Lan, this gauge transformation gives
(L, Lyo), but this is unphysical because it can be set to zero by adding local terms to (L. Lyo).
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Now, at the quadratic order in hxp, the usual Einstein-Hilbert term plus the cosmo-
logical constant is equal (neglecting total derivatives) to

1 1 1 1
Len = M.| 7 (Vahso) vARBC — 5 (Vahsc) VBRAC 4 5(Vah) VhAB — 7 (Vah) vAh

h2
o hPhas (323)
where h = hﬁ and M, is the 3d Planck scale. The last two terms look like ‘mass’ terms,

but they are actually required by gauge invariance. In fact, under the full gauge transfor-
mation (B.17), Lgy transforms as

Lon — Lon+ M.V [h&f‘ B 4 (VpENVehPC — (VpeC)VehAB
1
+§(V3h)(VA§B — VBN, (3.24)

so it is gauge invariant up to a total derivative. In our coordinates (B.1]) and gauge (B.19),
the action from the Lagrangian (B.2J) becomes

Sex = M, / ia % B(@Mﬁup) oM e — %(auﬁ,,p) PR 4 %(auﬁ) i — i(aM;}) oM,

—M, / d’z ;2 EBWBW — %/}2} o (3.25)
where h = }Nzﬁ Note that there are no longer ‘mass’ terms in the bulk, while boundary mass
terms have appeared at z = ¢. Although they diverge as ¢ — 0, they are merely local, thus
we simply throw them away. Then, Sgpg will be completely invariant under the residual
gauge transformation (B.23). (Hereafter, when we refer to (B.2§), the last two terms at
z = € will not be included.)

On the other hand, the gravitational Chern-Simons term can be constructed by a
direct analogy with the Chern-Simons term for a non-Abelian gauge field [[§]. We define
T4 to be a matrix whose Bc—component is equal to the Christoffel coefficient FBAC, that
is, (I‘A)BC = FBAC. Similarly, we define Rap to be a matrix whose components are given
by the Riemann tensor RCD - that is, (RAB)CD = RCD ap- For example, in this notation,
we have

Rap = [04+T4, 04+Tp], (3.26)

so I'y and Rsp are exactly analogous to a non-Abelian gauge field A4 and its field-
strength F4p. Then, from the form of the Chern-Simons term for the non-Abelian gauge
field, eABC Tr[%A AFpo — %A AABAC], we can immediately write down the gravitational
Chern-Simons term )cs:

1 1
Qcg = B¢ Tr 5TaRso — sTalple)| . (3.27)
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Under the gauge transformation (B.1§), the gravitational Chern-Simons form (B.27) trans-
forms as

Qcs — Qcs + 04 (£4Qcs) + P9 (040pE”) 9T 8 . (3.28)

Then, the action for hap is Sgy + Scs where
Scg = c/de dz Qcs (3.29)

with a constant ¢ to be determined below. In our coordinates (B.1l) and gauge (B.19),
this becomes

v 1 7 110 o7 Lz 5
Scs = ¢ / Az dz e [5(8,)@0)(8%’” — 97hP) — §h;whgp) : (3.30)
while the gauge transformation (B.2§) reduces to the following boundary term at z = 0:
ic [ d*q - _
= V(=) Guipio B*° 31
dScs > | e §"(—=49) @dpdo V7 (q) , (3.31)

where §, = €,,¢”, and h*"(q) = h (q, 2)|.=0. (Note that éu is defined in (B.20); it is
not €,,£").

We now apply the formalism to the construction of the 3d dual of the L,,-R,, sector.
Since (L, R,s) = 0 in the conformal limit, and the difference between the LL and RR
sectors are trivial sign differences, we consider the LL correlator below, and point out
whenever there is a sign difference for the RR case. The following calculations can be
divided in two parts; the first part is analogous to the analysis in section B.] where we
match anomalies and fix the normalization of Scg, while the second part is the spin-2
version of section where we compute the whole correlators.

First, to determine ¢ in Scg, let us look at the divergence of (L, L,s). From (B.19),
we have

0" (L Lyo) = % [Avps + Bupo + Cupel (3.32)
where
Avpe = 24v0pGo » (3.33)
Bupe = 20uplo — T Mooy — CMuplo — ¢ Moy » (3.34)
Copo = 2000900 + CNpoly + @ (Gpdo + Qplo) - (3.35)

Here, the B and C terms are actually not interesting, since they can be completely re-
produced by just adding local terms at the z = 0 boundary. Specifically, the B term is
reproduced by adding

ASP) = — 48; d*x W (—q) [(mquqa + Npoqudv)

2 —

q
_E(UHPUVU + MwpNpue + 377uu77p0) h?? (Q) ’ (336)
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while the C' term by

<) . NC d2q B;u/ - L _L L _L EpU
A‘Sz:() - 247‘[’ (271')2 ( q) [Wuqu qa + npo'quql/] (Q) N (337)

Repeating the same exercise for (R, R,,) leads the same results except that all q" are
replaced by ¢'. Since they are local, they have no effect on the physics. In the following
discussions, we will simply ignore them (and the corresponding B and C' terms in (B.39)).

It thus all comes down to getting the A term in (B.39). In terms of the source £, (x)
of L, (x), it implies that the generating functional W[{] should transform under ¢,, —
() + 9u&, + 0, as

W—W - 2471' ( )2 Sy( ) vpo epo(q) . (338)
Since A, s is ‘parity odd’ (i.e. it contains an odd number of € tensors), it must come from
varying Scs. Indeed, comparing this to ([8.31)) with l_t“,, = {,,, we see that this can be
exactly reproduced by the gravitational Chern-Simons term (B.30) if we choose

Ne
=—. 3.39
c= (3.39)
Repeating the same exercise for (R, R,,) gives ¢ = —N,/6m instead.

Now that the divergence of (L, L,s;) is completely reproduced, our next task is to
calculate the correlator itself. It is convenient to parameterize h,,, as”

quq Ui qudv + quq
hyw = 1% u¢+ uu( — @)+ %X’ (3.40)

where ¢, = €,,¢”. An advantage of this decomposition is that it ‘diagonalizes’ (B.29):

SEH = — (=’ + B +X'X) . (3.41)

M, / d2q dz
Note that there is no ¢? appearing here, i.e. the 3d gravity has no propagating degrees
of freedom. On the other hand, the Chern-Simons term (B.3(]) mixes h, ¢, and x and
introduces ¢ dependencies:

d? 2 / 2 / / 1 n "
Scs = 2/(27_52 dz |:—%(h—¢)x +%(h —P)x+XP X9 - (3.42)

The h-¢-x variables are also convenient for analyzing gauge transformation properties. In
terms of the longitudinal and transverse components of &,(q) defined as

Eulq) = ;? §(q) + g (), (3.43)

9Hereafter, we will drop the tildes of ilw, and h to avoid notational clutter.
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the residual gauge transformation (B.24) can be written as

?(q,2) — ¢(q,2) + & (a) , (3.44)
h(q,2) — h(q,2) +&(q) (3.45)
x(q,2) — x(g,2) +&1(q) - (3.46)

The advantage of this notation is that we immediately see that h — ¢ is gauge invariant.
Now, following our gauge choice (), the constraint equations are (see appendix
for the derivation):

I q2 c ,

e 2c

Z Y = 4

i VAR (3.48)
Xy g~ (h—g)] =0 (3.49)
B R . .

One may also derive the equations of motion by varying the action Sgp + Scs with respect
to hy,. However, those equations of motion are redundant — they all can be derived from
the constraint equations (B.47)-(B.49).

Now, we can use the constraint equations (B.47)-(B.49) to simplify the action Sgx+Scs
and write it as boundary terms:

e+ Scs = [ty [Mein -0+ “Li- o - -0 x| oo0)
Next, notice that the constraint equations (B.47)—(B.49) imply
2X" 2"+ (P2 - )X =0, (3.51)
where o = M, /2¢, and
M=) = 0(2) = h— 6+ ~[2X'(2) — x(2)] ~ ~lex'() ~ X, (352)

where the barred fields denote the corresponding 2d sources at the z = € boundary, i.e.,
h(q) = h(q,¢), etc. In the AdS/CFT correspondence, the 2d sources are located only at
the z = € boundary, so both h — ¢ and x’ must vanish as z — oo (for Euclidean momenta
q®> = —Q? < 0) so that the action (B.5() only gets contributions from the z = € end. From
the above expression of h — ¢, we see that h — ¢ can vanish only if x’ is exponentially
damped (hence y approaches a constant) as z — oo, that is, only if x’ is proportional
to Ko (Qz), without I,(Qz) component. Furthermore, since x’ is invariant under the
residual gauge transformation (B.4(), the proportionality factor can only depend on h— ¢,

but not on x. Therefore, we have

V(2) = AR~ 6) Kio)(@Q2). (3.53)
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where A is a numerical constant to be determined below. Integrating this then gives

X( ) X+A /Ka| QZ (354)

So requiring that h(z) — ¢(z) vanish at z = oo, we have

0=h~5-—x(o0) = ~[exX(6) ~ X
— (h—) {1 _ g ( / VK Q) de + eKa|(Qe)>] . (3.55)

This determines A, and we find

hg o K| (Qz)
f Ko)(Q2') d2’ + € K|4)(Qe) |

(3.56)
For |a| > 1, this implies
lim ex'(e) = sgn(c) (lo] = 1)(h = ¢) , (3.57)

where sgn(c) is the sign of ¢, namely, +1 for hy;ny = Ly n while —1 for hyyy = Ry
Then, putting this into (B.50), we obtain

d? M.¢? - - c® - - (o] —1D¢? - -
Sen+ Ses = [y |- - 52 - - ¢)X+WT)Q(h—¢)2
2 - c B
o N (3.59)

where we see that the M, term has completely cancelled out since o = M, /2¢c. This is
exactly analogous to what has happened to the £/-Rjs sector in section where the
result became completely independent of the value of gs.

To check that the above result agrees with the 2d result (B.1J), let us translate the
result (B.5§) back to the original hy. variable, note that

Ry XL L S X (3.59)
q q

Then, (B.5§) becomes

dq ; ¢ Qulviplo + audvplo |, |cl Guldviplo | ;
_ v (—g) | € Wdv9pdo T Audvdpdo | 1 Apdvdpdo | o0\ (3.
Sen + Scs /(271_)2 ( Q)[4 7 T2 (q) - (3.60)
Let us check this for the LL correlator (i.e. ¢ = +N./6m, and hy, = €,,). Then, this
formula gives

(Lo L) (q) = iNe 44909590 + 090 (9pGs + qpqo) + (Guay + Gudn)dpdo
e 241 PE
+(local terms) . (3.61)

Notice that the 2d formula (B.13)) has exactly the same nonlocal piece.
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Finally, let us comment briefly on what happens if |a| < 1. In this case, the e — 0 limit

]

converges in the denominator of (B.56), so x/(2) is just K|, (Qz2) times an e-independent
factor. Then, ex/(€) o € ~1* — 0 as € — 0, therefore the last term in (B58) vanishes.
In this case, the 3d calculations would agree with the 2d results only if M, = 2|c| which,
however, is outside the range |a| < 1. Therefore, the |a| < 1 case would lead to wrong
correlators. On the other hand, the correlators from the 3d side are correct for any |a| > 1,

as we have seen above.

3.2.3 Higher-spin operators

The general features common to the correlators between primary operators with spin > 2
(i.e. k > 2 in (R.27)) are all already present in the spin-2 case discussed in section B.2.2
Here we just summarize those features. First, just like the case with any k, there are two
bulk fields Las,...ar,, and Ry, ...as,, (all the indices being symmetrized) corresponding to the
left- and right-moving sectors in 2d. As usual, we only focus on the two-point correlators,
so we are only concerned with the quadratic part of the action for Lys,...ar, and Ras,...a1, -
In this case, the ‘kinetic term’ (the analog of FunFMN of the k = 1 case or Sgy of
the k = 2 case) is constrained by the generalization of the gauge transformation (B.19)
where the gauge-transformation parameter £4 is replaced by a traceless, totally-symmetric
rank-(k — 1) tensor &y, - (A traceful component would be the gauge-transformation
parameter for a field with lower k.) They also have the analog of the Chern-Simons term
Scs. While the ‘kinetic’ term is identical for the left and right sectors, their ‘Chern-Simons’
terms differ by a sign. This aspect is common to all k.

Now, one of the properties shared by all k& > 2 cases (but not by k£ = 1) is that the
equations of motion are all redundant and can be derived from the constraint equations.
(We have seen this in the spin-2 case, while in the spin-1 case there is one real equation of
motion (B.9).) This can be understood by a simple counting. For example, for Ly, we
begin with 3-4-5/3! = 10 components, but by using the 3-4/2! — 1 = 5 gauge parameters,
we can set 5 components to zero, so there are 5 constraint equations (the analogs of (B.47)-
(B49)). The remaining 5 components of Ly have 5 equations of motion, but these
must be all redundant since we already have the 5 constraint equations and the constraint
equations are lower order in derivatives. Therefore we have only constraints and no real
equations of motion. However, this does not mean that the equations are trivial. As we have
seen in the spin-2 case, the Chern-Simons term can make the constraint equations depend
on ¢2, thus effectively introducing propagation. Note, however, that the detailed form of the
propagating modes did not play a significant role in reproducing the correlation functions.

Next, the structure of the ‘Chern-Simons’ term is the following. The (quadratic part
of) ‘Chern-Simons’ term should contain the structure e LI L, i.e., one € tensor (3 upper
indices), two L fields (2k lower indices) with one derivative in between (1 lower indices).
But there are still 2k — 2 lower indices yet to be contracted. Furthermore, it needs to have
the right scaling property under 2 — Az to be consistent with the AdS3 isometry. Since
the kinetic term has the form [d3z,/g (¢7!)*' VL VL where g~! denote the inverse metric,
L must scale as £ — A"FL£. Thus, the object that gets contracted with the 2k — 2 lower
indices in the Chern-Simons term must scale as A?*~2. The only way to do this is to have
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additional 2k—2 derivatives and 2k—2 inverse metrics. Hence, schematically, (the quadratic
part of) the ‘Chern-Simons’ term has the form [d®z € £ (g71)?*72V2*~1£ where the indices
are contracted in various ways such that the whole thing becomes gauge invariant (up to a
surface term) under the gauge transformation mentioned above. Note that this form agrees
with what we have explicitly written down for the £ = 1 and k = 2 cases.

Finally, we expect that, like in the k = 1,2 cases, once we fix the coefficients of the
‘Chern-Simons’ terms by matching the divergences of the current-current correlators, the
whole correlators (in the conformal limit) should be automatically reproduced regardless
of the coefficients of the ‘kinetic’ terms. However, there is a notable difference between the
k =1 case and all £ > 2 cases. The kK = 1 Chern-Simons is special because it contains no
metric, so it is insensitive to a deformation of the bulk geometry. This was the essential
reason why the k£ = 1 correlators in the conformal limit is actually exact to all orders in
A. On the other hand, since all k¥ > 2 Chern-Simons terms depend on the metric, so the
k > 2 correlators should receive corrections depending on A, which is in accord with the
2d results.

3.2.4 The U(1)4-charged sector

This sector only contains one operator X. Since X is a dimension-one operator, the
corresponding bulk scalar field X has mass-squared —1. Therefore, the quadratic part
of the scalar-sector action (with the short-distance cutoff €) is given by

1 1
Sy = / pe / [—(aMxT)aMx + Lia|. (3.62)
z z
For 2d momentum ¢, the equation of motion from this action reads
2X" — X — Q%2 -1)X =0, (3.63)
where Q? = —¢?. The solution satisfying the boundary condition lim,_., X — 0 is
-1/2 z K()(QZ)
X =7 ——J 3.64
(0.9) = 232 2 U a). (3.64)

where Jx (g, €) is the (renormalized) source for X (q), with the wavefunction renormaliza-
tion Zx.

Since we are in the conformal limit (i.e. A — 0 and m, — 0), it is diagrammatically
straightforward to compute (XTX) in the 2d side, which gives

N,

(XTX)(q) = ZologQ + -, (3.65)
where the --- refers to a scheme-dependent local piece. On the other hand, the effective
action obtained by plugging (B.64) into (B.63) yields

(XTX)(q) — g (3.66)
€2Zx log Qe ’
where --- denotes terms which are local or higher-order in €. To subtract the e depen-

dence, we have to introduce a fixed (but arbitrary) renormalization scale u < e~!. (This
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dependence on p precisely reflects the scheme dependence of the finite term in the 2d side.)
Then, we rewrite log Qe as log Qe = log pe + log(Q/n), and the above expression becomes
i log(Q/p)

=l 70 AT 3.67
7 (logpe)® (3.67)

(XTX) (@) —

Hence, Z)zl/z must be proportional to elog e in order for the ¢ — 0 limit to be finite.
Matching the coefficients of log (), we determine the wavefunction renormalization:

_ N.
75 = /? elog pe . (3.68)

Thus we have exactly reproduced (XTX) in the conformal limit.

3.3 Conformal symmetry breaking at O(A)

As we pointed out in section P.3.3, the only nonzero correlators at O(A) are (X Ly, ..., ) and
(XRy,....,) (and their Hermitian conjugates). This means that at O(A), the only effect of
the breaking of conformal invariance is the ‘apparent’ chiral symmetry breaking discussed
in section R.4. The corresponding 3d analyses are quite analytically tractable because the
geometry can be still taken to be AdSs; note that a deviation from AdS3 would lead to
(T}') # 0 for the 2d stress-tensor, but from dimensional analysis this must be proportional
to A2, Therefore, for O(A) analyses, there is no need to worry about backreaction to the
geometry. Therefore, we begin with the O(A) case (which includes some exact results, as
we advertised earlier), then move on to analyses at O(A?).

First, notice that the only source of O(A) effects is X (see section P.3.3). Hence, in
the 3d side, we must be able to describe all O(A) effects in terms of (X’). In particular, as
we already pointed out, the geometry can be taken to be just AdSs.

For definiteness and simplicity, let us just focus on the PL, and PR, correlators, (.33)
and (R.34). P also mixes with L,,...,,, and Ry,..,,, with k= 3,5,---, but this could affect
(PL,) and (PR,) only at O(A?) or higher. Actually, since (2.33) and (2.34) are exact,
there are no higher-order corrections to them; we will see below from a 3d viewpoint why
they are exact.

As we discussed in section .4, the O(A) effects in the correlators (R.33) and (R.34)
describe (apparent) chiral symmetry breaking. Therefore, the corresponding 3d physics
must be spontaneous breaking of U(1)4 by nonzero (X), giving a mass to Ay = Ly — R
(but not to Vay = L + Ras). We parameterize X as

X = ((X> + %) P (3.69)

where H(z,z) is a real scalar field with (H) = 0, while P is a Goldstone field which
shifts as P — P — « under the U(1)4 gauge transformation Ay, — Ap; + Oy Since
X = (S+iP)/v/?2, the real scalar field P that corresponds to the 2d operator P is given by

- P
P=

(3.70)
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Now, since ‘H and P do not couple to each other at the quadratic order, we can ignore H
for the purpose of studying (PL,) and (PR,). Then, the U(1)4 gauge invariance tells us
exactly how the actions (B.§) and (B.63) must be combined:

o] 2
SL.rp=SLR+ /d2$/ dz ()

What is (X)? Note that if the geometry were exactly AdSs, the X equation of motion (B.63)
would tell us that (X') oc Az. The mass of Ay would then be o< Az, which would not be
AdSj3 invariant. Hence the geometry cannot be exactly AdSs, but, as we already mentioned,

(B0 P + Anp)(OMP + AM) . (3.71)

the deviation from AdSsz is an O(A?) effect, so it is consistent to say that background is
AdSs with (X) o Az as long as we are only concerning O(A) effects. Therefore, we
parameterize (X) as

(X) = KAz + O(A?2?) (3.72)

and the determination of x does not get affected by higher order effects.
We stick with the gauge choice £3 = R3 = 0, but now the constraint (B.§) and its R
counterpart are modified:

N 2<X>2 ~/
2z£” 5 £l—779:0,
N, 2X)2 ~
zR —“R, L7?’ =0. (3.73)
g 2

Then, the analog of the effective action (B.11]) is given by

FACOP @ 67

Sp,rp = [r.hs. of ()] + /((2172.‘-(;2 <X>2 |:ﬁ(_Q) ﬁ,(Q) +

€

Now, note that the .,4”75’ term above gives an O(A) contribution to the PL and PR
correlators. More explicitly, from (B.63), (B-70), and (B.79), we get

X)\2 ~ N, 1
%P/(q, ) = RA\/%lgggi Jp(q) + O(e)

_Hmwgghmp (3.75)

where Jp(q) is the (renormalized) source for P(g). Note that this result is actually exact,

because corrections which are higher order in A are necessarily accompanied by higher
powers of z, hence will vanish when the ¢ — 0 limit is taken. This formula together
with (B.70)) tells us that the A”ﬁ’ term in (B74) are O(A), while the PP term is still
purely O(A?), which is consistent with our observation that the corrections to the PP
correlator begins at O(A?).

There are other places where O(A) contributions appear; It is no longer true that in
the r.h.s. of (B.11)) we can replace e£’| and eR’, with —v£, and —vR . Now, £/, and R/,
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contain an O(A) piece. To see this, we must look at the equation of motion for £, and R :

1 N,
g—g[ 2(2L)) = QP2LL) + SEL) = 2X) (L - R1) =0,
1 N.
E[ 2(ZRL) — QPRu] = TER) + 2X) (LL ~Ry) = 0. (3.76)

Combining these with (B-7J) and throwing away terms O(A?) or higher, we get

(X 5 (3.77)

Loy — @22 1oL, = -

93 z

where v = g2N./(2r) as before, and the corresponding equation for R is identical. Now,
we write £ as E(l) + E(j) where L'(L) is the conformal solution (B.1() and L'(L) is the O(A)
perturbation. Then, the perturbation satisfies

2/ 12 _
z(zﬁ(j)/)/ —(@Q*2* + 1/2)511) = —72V93§X> POy

= —vgikAy/ g Jp(q) +O(2), (3.78)

where the ‘source term’ approaches a constant for small z, as seen in the last line above.
Then, the small-z behavior of the perturbation is

g3rh 2N,

1% s

Jr(q) (§>V+ : (3.79)

where the - - - refers to subleading terms for small z. When we re-evaluate £’ in (B.I1)) by
taking E(Ll) into account, we get a new term proportional to £ | P, and repeating these steps
for R gives the same coefficients for R | P. Putting all the pieces together, (B.74) becomes

2 27 _ _
St = s of @3] + [ 4550 BP0 Pla)|

—I—mA\/7/ i q 1 Lﬁu(— ) — RR” q)}JIp(q) (3.80)

This exactly reproduces the 2d results (R.33) and (R.34)) if we choose

27N,
B

(3.81)

Looking back at the above calculation, we notice that the results are completely de-
termined by the leading small-z behavior of (X >273’. Since terms higher-order in A always
come with higher-powers of z, the leading small-z behavior of (X >275’ calculated above will
not get corrected. Therefore, the formulas (£.33) and (P.34) are exact in the dual theory,
as they are in 2d!
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4. Mapping the 2d theory to AdS;

Let us summarize what we have done so far. We have constructed the corresponding
quadratic action for a certain bulk fields. In the quadratic action, the complexity of con-
formal symmetry breaking effects are encoded in mixings of the bulk fields. In principle,
the mixings can be systematically identified by continuing what we did in section ] to
include other fields, order-by-order in Az. However, this way of getting the 3d action — by
computing correlators and comparing them with the 2d results — seems quite ‘indirect’. In
other words, on the one hand we have the 't Hooft equation, which encodes all information
about two-point correlators, while on the other hand we are interested in the form of the
(linearized) equations of motion for the bulk fields, and in particular, the mixings. How-
ever, to map one side to the other, we had to solve the equations and match the solutions,
which is an extra step. It is much more desirable to have a direct map from the 't Hooft
equation to the equations of motion for the bulk fields.

To this goal, we again follow our general philosophy and begin with the conformal limit
of the 't Hooft equation, and try to see if we can directly map it to an equation of motion
in AdS3. But which equation of motion? While the 't Hooft equation is a single equation,
there are an infinite number of equations of motion in the 3d side because there are infinite
number of fields. To answer this question, recall that in the conformal limit the SS and PP
correlators are the only ones that know about the nontrivial dynamics of the full model.
The correlators among U(1) 4-neutral currents (such as L, and R,,) all have just a 1/¢
pole without any other non-analytic structure. In other words, in taking the A — 0 limit,
all the poles 1/(¢?> — m2) have collapsed down to 1/¢?. This pole has completely lost
information about dynamics, since as seen from the 3d perspective, the residue of the pole
is completely determined by the coefficient of the Chern-Simons term, i.e. by the anomalies.
The scalar S or pseudo-scalar P two-point functions, on the other hand, have logarithmic
behavior at high energies. These are obtained by summing over all the mesons, where the
sum goes as Y., 1/(¢?> — A’n) ~ log(—¢?) (recall that m2 ~ 72A%n for n > 1.) That is,
the contributions from the highly excited states are crucial for obtaining the logarithmic
behavior expected from the asymptotic freedom. We therefore cannot simply take A to
zero and collapse all m,, to zero, but rather we need to take A — 0 and n — oo with
m2 ~ 72A%n fixed. We thus expect that if we take this scale invariant limit of the "t Hooft
equation for the parton wave function ¢, (z), it should be related to the AdS equation of
motion for the fields dual to operators .S and P.

This limit, which zooms in to the large-n mesons and makes the scale invariance of the
't Hooft equation manifest, was first derived in [[] in the context of analyzing the behavior
of ¢ () near the ‘turning points’ in the semi-classical approximation. First, let us rescale
the x-variable as z — A%z (followed by the redefinition of ¢, as ¢(A%z) — ¢, (z)). The 't
Hooft equation (R.2) then reads

m2_1 . 1/A2 .
m%(@—% W)y 2 ) (4.1)

where m, = mg/A. We now take the limit A — 0 and n — oo with m2 = m? fixed (and
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also my — 0 with m, fixed) to obtain

. m2 —1 . [0 2
() mte) = T ) [T ALy — (o) (42)
z o (—y)
where we have written lim,, .o ¢, (z) as ¢(m>?r) to make it explicit that ¢ only depends

on the combination m?

x. Now it is obvious that the equation has an invariance under
r — Ar,m? — m?/\ with any positive constant \. (Note that m? is now a continuous
eigenvalue.) Hence, in principle the equation (f.2) has all the necessary ingredients to
describe the conformal limit of the 't Hooft model, as we have discussed above. However,
the full conformal symmetry, which is more than just scale invariance, is not manifest
in (.9), although it should be so secretly.

To reveal the hidden conformal invariance of ([L.9), note the following identity:

Xdr (722 m2x s
/0 — sm<g> COS<T> =3 Jo(mz) . (4.3)

Recalling the approximate form of the 't Hooft wavefunction (R.7), this suggests that we
should consider the following transform of the ¢(m?2x)wave function:

" o) 2.2
¢(z):/0 dxaz¢<”4;

Then, the above identity says that 5(2) x zJo(mz), which is of course a solution of the
equation of motion (B.63) for the bulk scalar X! Being purely Jy without a Yy component,
it even satisfies the right boundary condition (lim,_q #(z) — 0) to be a KK mode.!?

) B(m?3) (4.4

Our goal is, however, to map equations to equations, rather than solutions to solutions.
Thus, let us check that the above transform maps the scale-invariant limit of the 't Hooft
equation ([£.2)) to a bulk equation of motion in AdSs. First, notice that from ([£.9), one can
show that the operator T has the property that

/ooodxf<u?2> (Txg)(m*z) = /Ooodxg<m—2> (T f)(u’x) (4.5)

X

for arbitrary functions f and g. Applying this to the case f(u?/x) = ¢(7222/4x), we obtain

/Owdxaz¢<ﬂ'jj2> (Txg)(m’x) =/j%@[¥¢(“§j)] g(m?y) (4.6)

for any g(m?z). In the limit that m, — 0, we have E?Z(b(%) ~ — \%Zm sin(rz2/4x), and thus

1 22 1
30 <%¢> = - [zaz(z—laz) + ;} 0.6 . (4.7)

10Gtrictly speaking, we do not have ‘KK modes’ in the exact AdSs limit, but one should imagine that
the geometry deviates from AdSs at large z corresponding to the breaking of conformal symmetry in the
2d side. Then our discussions here are valid for the small-z behavior of ¢(z).
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Finally, letting g = ¢, we find that 5(2) obeys the equation

- {zaz(z-laz) n %} 3(z) = m2a(2) (48)

which is the appropriate wave equation in AdS3 for a KK-mode of a scalar field dual to a
dimension one operator, i.e. X. Since it is mapped to an AdSg invariant equation, the scale-
invariant 't Hooft equation ([.9) is indeed fully conformally invariant. The transform ([£.4)
also shows an explicit connection between parton-z and the radial coordinate z of AdSs.

In addition, note that the transform provides an explicit check of the AdS/CFT pre-
scription. Namely, consider the following kernel

T 1
o a)=mg 3 ol | Lot (4.9)

— 2
n=024,-4 ~ Mn
(Here T' refers to the exact ’t Hooft operator rather than the scale-invariant one #32).)
The point of this kernel is that it satisfies

. 1
Z]:c /0 dz Go(¢?,z) (¢ — T¥)Go(q*, 2) = (P P)(q) - (4.10)

What is the 3d ‘dual’ of this kernel? Let us use our transform (f.4) to find it. First, let us
take the scale-invariant limit, in which Gy becomes

dm? ¢(m3x) dy
Go(¢?, ) — m / — / ¢ 4.11
(@*x) —my | Gy G | L), (111)
where the factor 2m2 comes from the fact that the modes n = 0,2,4,--- have spacing

2m2A2%. Now, following our transform, let us define Go(q?, ) via

Gotata) = [ £ Jo.o( 7 m 2)]Go<q2,z>, (1.12)

and compute the left-hand side of (f.10) in terms of Gy. It has two pieces, the ¢? piece
and the 7' piece. First, the ¢? piece becomes

/d‘r GO(q2, 33) quO(qzv :E)

= [£L G 2) #Gola”. =) [¢>< )] [oee ()]

= 7 /dzdz/ Gol(q?, 2) *Go(q?, 2)) [51n(7rz2/4x) sin(mz? /4x) + O(m,)]

dz - = -
= 72 /2—2 Go(d*,2) *Go(d?, 2) + O(my) , (4.13)

where we have used [;*dx sin[ax]sin[bz] = Z6(a — b) in the last step. On the other hand,

since (b(’rzf) — 0 as z — 0, Go(q¢?, ) may also be written as,

Golg?, x) = /dw( 2;2> 8,2(%) : (4.14)
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and so the T' piece becomes

/dx Go(q2, x) T*Go(qz, x)

g [dzd? | (Go(d®2)\ Go(q%, 7)) dr  (722? w22
- [ (R ) o () [ () o)

. /dz%@%%) a%%) (4.15)
= = [ 52 ([0:Gola 2 0:Gole ) ~ Guld",2) GU6",)) + 2o Gola”,) Gl

Thus, combining (f.13) and (f.17), we get

. 62Sads
(P P)a) = ~'570(=a) 67 (a)
- /d“‘ Go(d*,z) (¢* — T¥)Go(q*, @)

= iw N, / <G0 @2, 2) *Go(q?, 2) — [0.Go(%, 2)]* + %[Go(q2,z)]2>

imN.
%€ 2

+——-[Go(¢? €))* . (4.16)

This indeed implies that Gg is the bulk-to-boundary propagator for the bulk field X with
the bulk action precisely equal to (B.63), with the additional boundary term ~ E%X Tx,
The boundary term is just an indication that Go(—Q?, z) ~ 2Ky(Qz) (i.e. without being
divided by eKy(Qe)), which is just an alternative convention for the normalization of the
field from that of (B.64). Therefore, we have found that the transform ([.4) directly maps
the bulk-to-boundary propagator G to the Green’s function G of the 't Hooft equation!

5. Towards full implementation of conformal symmetry breaking

Thus far we have discussed the 3d dual of the 't Hooft model near its conformal limit.
What can we expect the dual of the full confining theory to look like? First, We have
seen that 3d equations have essentially followed from the ’t Hooft equation. On the other
hand, the simplest basis of 3d fields consists of fields dual to primary operators. Thus, it
is natural to express the 't Hooft equation (R.9) in the basis of primary operators, which
is spanned by the Legendre Polynomials as we have seen in section P.3. In this basis, the
't Hooft operator T becomes

R , 1 1 mg — A? . A2
Tiw = 2K —1) [ do | dyPe_1(22 —1) | —2——5(z —y) — P mE Py_1(2y —1).
0 0 -

z(1—x) (x —y)
(5.1)
Then, the 't Hooft equation (R.9) becomes a matrix equation
> Tiows My = miy M (5.2)
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where My, are the moments defined in (2.14). This is not the only way to discretize the
't Hooft equation, but this is the most natural one suggested by AdS/CFT.

To extract information about how bulk fields mix in the 3d action, we would like to
have kernels of the 't Hooft equation which get mapped to ‘bulk-to-boundary’ propagators.
We have seen this explicitly for (PP) in section f|. So, generalizing the kernel Gy to all
other primary operators, let us define

x 1 T
G0 = X2 [y sy -0 on) = XD, (53

Like G, this satisfies

s

i 2k 1 .
Weay [ 2 Gula?,0) (@ = TG (e, 0) = (L Lus) @) (5.4)

In the basis of primary operators, the 't Hooft equation implies

2" — 1 .
Z < 5k 1 20k — Tkk’) Gy (q® x) = Pp_1(2z — 1) . (5.5)
k/

Therefore, the matrix Ty can be thought of as containing the information regarding the
mixing of 3d fields dual to primary operators, following conformal symmetry breaking.
(Note that the 't Hooft operator Tipr is proportional to A% in the mg — 0 limit.)

The hope is then that one could transform the above equations in z into a set of
coupled 3d equations of motion. Indeed, one can write down an abstract formula for the
transform for the full theory

F(z,2) =Y ¢n(2)dn(2), (5.6)

where (gn(z) are the bulk KK-modes (i.e. the normalizable solutions to the set of coupled
3d equations). The resulting 3d equations of motion would encode all information about

conformal symmetry breaking, including all possible mixings of bulk fields. In addition,

2
n

they should tell us how the Regge-like spectrum m;, « n could arise as a consequence of
the mixings, and ultimately at least some qualitative features of the backgrounds causing
all the mixings. Some hint of the effective result of the mixing can already be seen from

an approximate form of eq. (f.6) valid for large n

(5.7)

242,2
F(z,z) ~ Z\/i cos[rnAz] an<7T A% ) ,

4
where L,, are the Laguerre polynomials. This form follows from the fact that the Laguerre
polynomials provide the right spectrum at large n, and under the previously used conformal

limit, A — 0 and n — oo with m? ~ 72A%n fixed, Ln(m:;Q) — Jo(mz). Transforming the
't Hooft equation for a meson of sufficiently large n, by this F'(z, z), will therefore yield the
equation of motion resulting from a background similar to [§]. In other words, the ‘dilaton’
profile seems to appear as an effective background which approximates the effect of field

mixing for the highly excited modes.
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6. Conclusion

In this paper we have taken some steps towards describing the 3d dual to 2d QCD at
large N.. In the conformal limit we have proposed the form of the quadratic 3d action
for the duals of primary operators. We have also included the leading effects of conformal
symmetry breaking. We also proposed a transform (in the conformal limit) which relates
the 't Hooft wavefunctions to the bulk modes, therefore enabling us to map the 't Hooft
equation to the equation of motion for a bulk scalar. Some conjectured features of the full
dual and the transform at the quadratic level were provided, and we hope to report on the
particulars in a future paper.

There are several intriguing open questions. Though we have only described the
quadratic part of the action, one may use the transform to derive the cubic terms as
well at leading order in N, (at least in the conformal limit). Indeed, at large N., on the
2d side there are expressions for the three-point correlators in terms of the parton wave-
functions [§]. These may be transformed into bulk cubic vertices in the AdS region of
the background. It would be interesting to see how these compare to known actions from
supersymmetric duals. One could also study deep inelastic scattering at leading order in
N, and compare with [I]. Finally, it would be interesting to study the effect of quark
masses on the 3d dual, perhaps also taking the heavy quark limit.
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A. The primary operators

In this appendix, we will compile a list of all primary single trace operators in the 't Hooft
model, except for those which vanish by the equations of motion in the conformal limit.
By definition primary operators are operators that transform covariantly under confor-
mal transformations, just like tensor operators are ones that transform covariantly under
Lorentz transformations. Since the Lorentz group is a subgroup of the conformal group, all
primary operators are Lorentz tensors (but the converse is not true). In 1+ 1 dimensions
tensor components can be handled most efficiently in terms of the light-cone coordinates
rF = (29+2')/v/2, where the metric is simply ds? = 2dztdz~. Aside from parity x5 « 2~
:I:)\x:t

and time-reversal T « —x~, a Lorentz transformation is given by 2+ — e with a
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real parameter A (i.e. the ‘rapidity’). Then, 0+ = (9p F 01)/v/2 transform as 0y — eF 0.,
while left-moving and right-moving spinors ¢, and v _ transform as a ‘square-root’ of d4
and d_, namely, as 1)+ — eF*2¢),. Note that the standard kinetic terms for Yy and P_,

/ detde= V29Lo vy | / detde V2l oy, (A1)

are manifestly invariant under these transformations.
However, ([A-])) are clearly invariant under more general transformations, or confor-
mal transformations,

2t = @ty 2 —a = ), (A.2)

where f* are two independent, arbitrary functions, provided that we also let 4 trans-
form as

—-1/2

+
G @) (A3)

dr

Yi(x) — P(a’) =

This symmetry group is enormous, much larger than the isometry group of AdSs, which
only has six generators. For the purpose of AdS3/CFTs, therefore, we are only interested
in special conformal transformations, a subset of the above transformations, with globally
defined generators. For infinitesimal transformations, this means we should restrict f* to
just quadratic functions,

Fra®) =a"+at + 0+ 2" + e (@),
fF@)=a2"+a + (- Nz~ +e_(z7)?, (A.4)

which depend on six (infinitesimal) parameters o™, ), §, and ex. Clearly, o™ and X just
parameterize Poincaré transformations. Among the three ‘new’ parameters, ¢ induces a
dilation * — (1 + 6)a™, while ex induce a conformal boost * — (1 4 exa®)z*.

Now we are ready to write down the general transformation law for any primary
operators. First, let us define our notation. Say, we have an operator with n lower +
indices and n_ lower — indices, counting spinorial + as half. (For example, (ny,n_) =
(1,0) for 04, while (ny,n_) = (3/2,1/2) for ¢_0414.) We then define the spin s of
the operator by s = ny — n_. Our convention for scaling dimensions is such that a
0 has scaling dimension one under the dilation. Now, if an operator Oa s with scaling
dimension A and spin s is a primary operator, then it should transform in the same way
as (14 )2+5(¢_)A=5. Namely,

_A+4s

2

_A-s
g
dr—

i as

Ops(x) — O (') = e

Oas(z) , (A.5)

where f* have the form ([A.4). Hereafter we will refer to this simply as ‘conformal trans-
formation’ without ‘special’.
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A.1 U(1)4-neutral primary operators

These operators are further divided into two classes, the L type and the R type. The
analysis of the R type goes exactly parallel to that of the L type, so here we will just
discuss the operators of the L type, which are a linear combination of the operators of
the form (Dﬂ/}i)(Dngr) where Dj 5 are some powers of J4. It cannot contain 0_, since it
would then vanish by the equation of motion d_, = 0 in the conformal limit.

Obviously, the lowest-dimensional L type operator is ¢i¢+, which has A = 1 and
s = 1. This is of course the 4+ component of the U(1); Noether current. The next
lowest one must be a linear combination of 1[)18+¢+ and (8+¢1)1[)+. Under a conformal
transformation, they transform as

Wlowy — J2yglogp. + 001wy, |
@Ol )y — T2 (049 )y + Ji/2(8+ Jlr/2) AR (A.6)

where J, = |dfT/dzT|~!. Note that if we subtract one of these from the other, it agrees
with the form ([A.5). So the primary operator must be the following linear combination:

15+¢+ - (a+¢i)¢+ ; (A7)

which has A = 2 and s = 2. This is nothing but the ++4 component of the energy-
momentum tensor. (For A = 2 and s = 0, the combination wi(‘)_l/ur — (8_1&1)1/4 does
transform as a primary operator, but, as we mentioned already, this vanishes by the equa-
tion of motion in the conformal limit.)

Proceeding to the next level, we have to find an appropriate linear combination of
¢18_%¢+, (8+1[)j_)8+¢+, and (831#1)1[4. Repeating the above exercise, we find that again
there is a unique combination which obeys the law ([A.5):

L2y — 4040ty + (929 )by (A8)

which has A = s = 3. At the next level, one finds that the coefficients of 1[)3_83);1[)4_,
(8+1[)j_)83¢+, (831[)1)8+¢+, (811#1)1/4 are 1, —9, 9, —1, respectively. Thus, the coeffi-
cients are given by the square of the binomial coefficients with alternating signs. Therefore,
the L-type primary operator with A = s = k is given by

k—1
#IVE Y (a1 @01

k-1
= Y (e 1C)? [(—i04 )™ P lyy (10,) (A.9)

m=0

Li+

where ,,C,,, = n!/[m! (n —m)!], and v = (70 +71)/V2.

A.2 U(1)4-charged primary operators

Clearly, the lowest-dimensional primary operators in this class are 1/11_1/1_ and its Hermitian
conjugate. With one d4, the only combination that does not vanish by the equations of
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motion is (&rwi)w_ (and its Hermitian conjugate). However, this does not transform
as ([A.§) because it gives an extra term containing d4.J,. Since this is the only operator
with A = 2 and s = 1 that does not vanish by the equations of motion, there is no way
to cancel this extra term. (Actually, even if we forget about the equations of motion,
zﬁl@“ﬁ_ still would not help us since it would only give d;J_ instead of d;Jy.) This
problem persists for (8&!)1)8‘11#_ with any p, g. Thus, we conclude that 1/)11/)_ and its
Hermitian conjugate are the only (non-vanishing) primary operators in this class.

B. 2D calculation of 2-point correlators

In this appendix, we derive the formulae (.5), (B.6), and (R.15). We essentially follow
the method in [§] and generalize it to include all the primary operators. Throughout this
appendix, we choose the units where A = 1.

B.1 The Feynman rules

The Feynman rules in the 't Hooft double-line notation are:

e The gluon propagator:

> ™ a sd 1 a sd i
S R GRS PV VR
where A is an IR cutoff, and a,b,--- label color. The second term in the bracket is

subleading in 1/N, expansion, and hence not used in this paper.
e The quark propagator:

— Z(/}/‘l'p— + 7—p+ + mq) (B 2)
2pip_ — mg +ie ’

A

e The quark-quark-gluon vertex:

\7 = —iy_.
/ (B.3)

We will choose the light-cone gauge A_ = 0 in the following calculations. The advantage
of this gauge is that all gluon self-couplings vanish identically.

B.2 The quark self-energy

At the leading order in the 1/N,. expansion, only the quark propagator gets quantum
corrections; the gluon propagator and the quark-quark-gluon vertices remain unchanged.
Since the 1PI quark self-energy is proportional to v_ in the A_ = 0 gauge, we define

(The 1PI quark self-energy) = —iX(p)~y-— . (B.4)
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Figure 1: The quark self-energy at the leading in 1/N..

Then, the exact full quark propagator can be written as

i[p-v+ + (p+ — X(p)) 7 + my]
2p— (p4+ — B(p)) —m2 +is

(B.5)

Now, at the leading order in 1/N,, only the “rainbow” diagrams contribute (see figure []).
Also, by inspecting the diagrams, we see that 3(p) only depends on p_. Therefore,

we have
1 1 1
Lin(p) = = / e dk_ ! L (B.6)
4w (ke =P)*\ ke — S(k) — o2 4 iz sgn(k_)
where sgn(k_) = k_/|k_| and the notation [- - -] is meant to remind us of the IR cutoff on

the gluon propagator (B.J]). The k. integral here is log divergent. We choose to remove
the divergence by imposing a symmetric cutoff on ky (i.e. |ky| < A) after shifting ky as
ky — ky+X(k_)4+m2/2k_ to eliminate the terms —Y(k_) —m2/2k_ in the denominator.
Having done so, we get

2(p-) = F-) - (B.7)

B.3 The quark-antiquark ‘scattering’ matrix

Consider the diagrams in figure JJ. Here, we are not trying to calculate a scattering ampli-
tude (quarks can never be put on-shell anyway) — rather, since such diagrams will often
appear as part of larger diagrams, it is convenient to evaluate them once and for all.

At the leading order in 1/N,., the only way for the quark and antiquark to exchange
gluons is in the “ladder” fashion where all gluons just go vertically connecting the quark
and antiquark, and no two gluons ever cross. All diagrams of this type have a y_ for each
quark line, and one color flows in along the upper-left line and flows out along the lower-left
line, and another color, independent of the first one, flows in along the lower-right line and
flows out along the upper-right line.

Let T(p,p’;q) be the sum of all such ladder diagrams. (The color indices, the flavor
indices, and the factor of yv_ ® y_ are suppressed.) Then, we have

T(p,p'sq) = —%m + % /dk_ m@(k_,p’; 9,  (BS)
where
D(p_,p'5q) = /dp+ S(p)S(p—a)T(p,p;q) , (B.9)
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Figure 2: The quark-antiquark ‘scattering’ at the leading order in 1/N.. A gray circle represents
the full quark propagator (@)

and

S(p) = ! . (B.10)

m?2 .
P+ — X(p-) — 5~ +iesgn(p-)

Since by definition ®(p_,p’;q) does not depend on p;, (B-§) tells us that T'(p,p'; q) does
not depend on p, either. So, the py integral in (B.9) converges. For 0 < p_/q_ < 1 we get

2misgn(q-) T(p—,p'; q) (B.11)

O(p-.piq) = 2 L =
G+ +5(p- —q-) =) + 55257 — 5~ Hiesen(e)

while for p_/q_ > 1 or p_/q_— <0 we get

O(p—,p'iq) =0. (B.12)
Then, for 0 < p_/q_ < 1, putting (B.§) into (B.11)) gives
mg — 1 5 1 ®lg-x,p';q)
L —®(p_,p5q —P/ — = dx
pa—p) POy
472 1 :
= + (¢ +ie) ®(p-, 1’5 9) , (B.13)

- Nela-| [ — 925

where p=p_/q_, P =p"_/q—, and A= A/ lg—|. For 0 < z < 1, this can be solved in terms
of the "t Hooft wavefunction ¢, () satisfying the 't Hooft equation (R.). For x < 0 or > 0,
we set ¢, (x) = 0 by definition. Then, we have

42 1 ! ok ()
d(p_,p ;q) = - nA/dxinA ) B.14
(p p Q) Nc ’q_‘ En: q2 _ m% +ic ¢ (p) 0 [(w _ p/)2]5\ ( )
for all real values of p_.
Therefore, we finally get
) 1 47 ? T/Jn(ﬁ,Q—)T/)*(ﬁ/vq—)
T(p_,p_; :—£—+— n B.15
(p b q) Nc [(p_ _p/_)2j|)\ NC Zn: q2 _ m% + e )\2 ( )
where
A ! bn(y)
= [y 0 p
)= 3y Y T — 007, (319
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Figure 3: Two-point correlators at the leading order in 1/N.. The big dots represent the operators
Ry—, Ro_.

For 0 < x < 1, the 't Hooft equation (B-2) tells us that 1, is equal to ¢, up to an
O(\) correction:

m2 —
T,Z)n(inaQ—) = [1 - ﬁ <mi - ﬁ)] ¢n($) = ¢n(x) + O(A) . (B'17)

For x < 0 or > 1, we can remove the IR cutoff in the integrand in ([B.16), so ¢, can be
written as
A ! Pn(y)
dneca) = 5o [ dy o0, (B.15)
2g-1 Jo 7 (y —x)?

B.4 Computation of 2-point correlators

In our gauge (R,,— R,_) is the easiest one to compute. First, let us define

Ryee = [(—i0-)F 0]y (i0-)"% (B.19)
so that
n—1
R, = Z(n—lck)z Rn—l—k,k . (B'ZO)
k=0

Then, in terms of T(p_,p’;q) calculated above, the correlator can be expressed as in
figure B The simple quark-loop diagram without a 7" blob will vanish in the limit of
A — 0. The contribution from the one with a 7" blob is

2 2,/
(Rjk Rem)(q) = —Nf/(;l;; /(C;Tp)g S(p—q)S(P)S(p' —q)S®)

x pl_

k. /m

(p— —q=)*p™ (. — ) T(p—, 13 q).

Performing p; and p/, integrals and taking the A — 0 limit, we obtain

i j+k+l+m+2 1 ) 1
(Rjx Rem)(q) = % Z QZ_TW [/0 da 27 (z — 1)* ¢n($)] [/0 dyy™(y — 1)" dn(y)
(B.21)

n
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Now, notice that

n

D Gk F (@ - 1) = P22 - 1), (B.22)
k=0

where P, is the Legendre polynomial. Therefore, we obtain

(Ry— Re—)(q) (B.23)
k+¢

:_Z 23;24-25 [/d:EPkl%j—l On(z H/dyPgl2y—1)gbn()

Translating this result to the LL case is trivial. Repeating the above steps for S = 1)t and
P = i3t to obtain (R.§) and (R.6) is also straightforward.

C. Details of the spin-2 calculation

Due to the special role of the z coordinate in the AdSz metric (B.1]) and our choice of
gauge (B.19), it is necessary to treat ‘3’ or ‘z’ indices separately from ‘u’ indices. For this
purpose, we need to know an explicit expression of the Christoffel symbol for the AdSs
background jap = 2 2nap:

1 ~3A A
e = —;(5%561 + 6807 — 5™ mo) - (C.1)
Note that §34§pc is actually independent of z, so the whole r4 goes as 1/z.) Using
BC
this, we get the following ‘rules’ for VAh%:
Vsh$ = 9308
1 3, 4 13
Vahy = 0ah — 2(hap — Gaph3)
2
%@:@@+j§ (C.2)

To derive (B.29) from (B.23), we just use these formulae with the gauge condition hzys = 0.
Next, in (B.47)-(B.49), all the terms that are not multiplied by ¢ arise from varying Sgp
with respect to hsys. It is a little more work to get them because we must keep all terms
linear in hsps until the end of the calculation. But still it is not so laborious because Sgy
itself is simple enough.

However, it is much more tedious to derive (B.3(]) and especially the c-dependent
terms in (B.47)-(B-49), because Scs contains many more terms with more indices, so just
classifying each index into ‘i’ and ‘3’ will give us a large number of terms. Although this
is just a matter of algebra, we would like to mention a few things that may help the reader
verify those equations.

First, note that, for gap = Gap + hap, we have I'4 Bo = =14 Bo T oTA B Where (5F
consists of hap. Then, correspondingly, we have Qcg = Qcs + 0Qcg where we further spht
6€)cs into two parts:

8Q0s = Q4 + 02| (C.3)
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where, in terms of the matrix notation introduced in section B.2.9,

QS% = EABC Tr [5FA anC + f‘A 8351‘0 + Zf‘A f‘B 51‘0] ,
(C.4)

and
0O = ABC Tr[6T4 06T + 204 6T 6T¢] . (C.5)

In the AdS3 background, Q(Clg is purely a total derivative. This can be seen by first putting
it in the following form:

598) = —e"BC O Tr [T 6T ¢] + e*PC Tr[6T4 Ric] - (C.6)

Then, note that since AdS3 is maximally symmetric, we have RABCD = R(éé JBD —
5?) dBc)/6 where R is the scalar curvature, which in turn implies that the second term in
the above equation vanishes identically. Therefore, in the AdS3 background, we have

040 = —eABC 9, Tr [P 6T ] . (C.7)
So it comes down to evaluating Q(gg Since it is already quadratic in (5FABC, we just
need to express 5FABC to first order in hapg:

1
ST = 5(vBhg‘ + Veh — VAhpe) + O(h?) (C.8)

Then, to get the action (B.30), we apply the rules ([C.9) to the above expression of éI" and
plug that into Qg%, which is not so bad because we can use the gauge condition hgs = 0
from the beginning of the calculation.

What is grueling is to get the c-dependent terms in the constraint equations (B.47)-
B.49), because we need to keep hsps to linear order until the end of the calculation in order
for us to be able to vary Scg with respect to hsps. Fortunately, in the above expression
(C.9) of Qg&, we have no more than one V acting on h 4, so we can still use the rules ([C.2).
This is a lengthy but straightforward calculation. A better way is to first combine the two

terms in (C.9) to get
08 = ABC Ty [T VoT o] . (C.9)

This simple appearance is actually deceiving, because now we have two V’s acting on h4p,
so we need extend the rules ([C-9) to the case with two covariant derivatives, which will be
many more rules than the one-derivative case. So, we should use the commutation relation
(B.26) to eliminate V’s as much as possible. Below we sketch how the calculation proceeds
when one does it this way.
First, using (IC.§), we can write ([C.9) explicitly in terms of h4p:
1

1
0 = ZEABC (VahPEYVpVehpe + §eABC (VERRYV5(Vpher — Vehep) . (C.10)
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Then, varying Q(gg with respect to hap gives

0 3 o2
Shom /d :EQCS

11
—5 [ieABCVAVBVChDE + GEBCVAVB(VDhé - VAhg) + (D A E) (C'll)

where (D < FE) represents the whole expression before it with D and E swapped. Now,
the three V’s in the first term above can be immediately reduced to one V using the

~

commutator (B.26) since they are already anti-symmetrized due to the e tensor. In a
maximally symmetric space such as AdSs, it simplifies down to

A~

ABONVpVeohpr = —% [P4BN4hE + (D < E)] . (C.12)

As for e#BCV,VpVPhA, we can simplify it (in a maximally symmetric space) as

2R
PBC VP hA + (D — E) = £5¢ (vDVBvAhé +5 vBhg> +(D < E). (C.13)

This is in fact better than the original expression; first, the R term can be combined
with (C.12). Second, note that the Vg in the first term can be replaced with dp. Then,
we write out the V2 explicitly in terms of @ and I. Now we have only one V left, which
in our hgs = 0 gauge gives

Vahd = 04h8 + %c%h. (C.14)
We then obtain
EBEVPYRVALS + (D « E)
= PABGEF 910400 hG + éaiaFachg + éa%aFaAh + %5%@180}1%
—22 §3p 040ch% — 2G3F 55’38/4/1} +(D — E). (C.15)

Next, going back to (IC.11), we have

PBOVpVARE + (D — E) = P8¢ <ng2hé’ + %VBhé’) +(D < E). (C.16)

Again, the R term can be combined with (C.19). The three-V term is not so bad since
two of them are contracted, and exploiting the anti-symmetry between B and C', we can

simplify it to

EBEVEVIRE + (D « E) = £8C <aB — %55’3>V2hé’ : (C.17)
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This V? term must be computed by brute force, but this is the only one. It becomes
V2hE = §2F040rhE + 20305 + gagaAhAD — 22620408 + 208 — 26P63h . (C.18)
Putting all the pieces together (with R =6 for AdSs3), we obtain
_ﬁ / 20
- %EDAB [QVAhg +gBr (aFaAachg + %5338F8Ah + éaf‘gaFach@
—g°r <acaFaAhg + éaﬁ’gawmﬁ) — 20403hE — %5%&60}10’5
20415 + géihg} + (D E).  (C19)
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